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Abstract 

£-H , The theory of (ip q , r)-modules is a generalization of Fontaine's theory of (tp, r)-modules, which classifies 

GF-representations on 0F-niodules and F-vector spaces for any finite extension F of Q p . In this paper 
following Colmez's method we classify triangulable 0F-analytic ((p q , r)-modules of rank 2. In this process 

i^h , we establish two kinds of cohomology theories for Of-analytic (<p q , r)-modules. Using them we show that, 

if D is an 0F-analytic (tp q , r)-module such that J)^<!= 1 . r = 1 — o i.e. V° F = where V is the Galois 
representation attached to D, then any overconvergent extension of the trivial representation of Gf by V is 

i n OF-analytic. In particular, contrarily to the case of F — Q p , there are representations of Gf that are not 

overconvergent . 
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Introduction 

The present paper heavily depends on the theory of (ip, r)-modules for Lubin-Tate extensions, a generalization of 
Fontaine's theory of (ip, r)-modules. The existence of this generalization was more or less implicit in [14, 8]. See 
also [15] and [25, Remark 2.3.1]. In [17], Kisin and Ren provided details, where (cp, r)-modules for Lubin-Tate 
extensions are called (ip q , r)-modules. 

To recall this theory, let F be a finite extension of Q p , Of the ring of integers in F and ir a unifomizcr 
of Of- Fix an algebraic closure of F denoted by F, and put Gf — Gal(F/F). Let fci? be the residue field of 
F, q = #fc_p. Let W = W(kp) be the ring of Witt vectors over Hf, Fq = W[l/p]. Then Fo is the maximal 
absolutely unramified subficld of F. Let J 7 be a Lubin-Tate group over F corresponding to the uniformizer tt. 
Then F is a formal Op-module. Let X be a local coordinate on T. Then the formal Hopf algebra Of may 
be identified with 0p[[X]]. For any a G Of, let [cl]f G 0p[[X]] be the power series giving the endomorphism 
a of J 7 . If 77, > 1, let F n C F be the subficld generated by the 7r"-torsion points of T. Write = U„F„, 
r = Gal^/F) and G Fx = Ga^F/F^). For any integer n > 0, let T n C T be the subgroup Ga^F^/Fn). Let 
TT be the Tate module of T . It is a free Op -module of rank 1. The action of Gp on TT factors through T and 
induces an isomorphism \t '■ T — > O f . For any a G O f we write o a := Xf ( a )- Using the periods of TT, one 
can construct a ring Og with actions of p q = ip log p q and T. We will recall the construction in Section 1. Kisin 
and Ren [ ] defined etale (tp q , r)-modules over Og and classified G^-reprcscntations on O^-modules in terms 
of these modules. 

In this paper we are interested in triangulable Oi?-analytic (ip q , r)-modules over a Robba ring where L 
is a finite extension of F. A triangulable (tp q , T) -module over means a (p q , r)-module D that has a filtration 
consisting of (ip q , r)-submodules = Do C D\ C • • • C Dd = D such that Di/Di-i is free of rank 1 over 

In the spirit of Colmez's work [9] on the classification of triangulable (tp, r)-modules of rank 2, in the present 
paper we will classify triangulable 0F-analytic (p q , r)-modules over &l of rank 2. One motivation for doing 
this, is that the authors believe that under the hypothetical p-adic local Langlands correspondence these (ip q , T)- 
modules should correspond to certain unitary principal series of GL2(F). Colmez [13] and Liu-Xie-Zhang [21] 
respectively determined the spaces of locally analytic vectors of the unitary principal series of GL2(Q P ) based on 
this kind of (<p, r)-modulcs. Our computations of dimensions of Ext an match those of Kohlhaase on extensions of 
locally analytic representations [19]. Nakamura [22] gave a generalization of Colmez's work in another direction. 
But we think that Nakamura's point of view is probably not the best one for applications to the p-adic local 
Langlands correspondence. 

For our purpose we consider two kinds of cohomology theories for (Dp-analytic (ip q , r)-modules. 

For a (tp q , r)-module D over S%j,, we define H*(D) by the cohomology of the semigroup <p® x T as in [13]. 
Then the first cohomology group H 1 (D) is isomorphic to Ext(<3?£, D), the L- vector space of extensions of Ml 
by D in the category of (p q , r)-modules. 

If D is Op-analytic, we consider the following complex 

C;, V P): ^D^±D®D^^D -0, 

where f\ D is the map defined as m M> ((ip q — l)m, Vm) and fa : D © D — > D is (777,77) >->• 

Vm - (tp q - 1)77. The operator V is defined in Section 1.3. Put H l Vq W {D) := H^C* V (D)), i = 0,1,2. Each 
of these modules admits a T-action. We set H l &n {D) = v (D) r . 

Theorem 0.1. Let D be an Of -analytic (<p q ,T) -module over Ml- Then there is a natural isomorphism 
Exta„ (^l,-D) -> Hl n (D), where Ext an (^L,£>) is the L-vector space that consists of extensions of Ml by D 
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in the category of Of -analytic (ip q ,F) -modules. 

The proof is given in Section 4, which is due to the referee and much simpler than that in our original 
version. 

Theorem 0.2. Let D be an Op-analytic (ip q ,T) -module over Ml- Then Ei~x.t an (ML, D) is of codimension ([F : 
Q p ] - l)dimi£>^ =1,r=1 in Ext(& L ,D). In particular, if D V " =1 ' T=1 = 0, then Ext an (M L ,D) = Ext(@ L ,D). 

To prove Theorem 0.2, we will construct a (non canonical) projection from Ext(ML, D) onto Ext an (^L, D) 
whose kernel is of dimension ([F : Q p ) — 1) dim^ D V * =1 ' T=1 . 

If V is an overconvergent L-representation of Gf (in the sense of Definition 1.4), A is the (ip q , r)-module 
over (ol attached to V, and D = Ml (g)»t A, then Ext(&L,D) measures the set of extensions of the trivial 
representation by V that are overconvergent (cf. Proposition 1.5 and Proposition 1.6). Theorem 0.2 tells us 
that, if V Gp = D ¥ '« =1 ' = 0, then any such extension is O^-analytic. 

Let J^(L) (resp. ^ an (L)) be the set of continuous (resp. locally F-analytic) characters S : F x — > L x . Let 
S unl denote the character of F x such that 5 unl (ir) — q" 1 and S nliI \QX = 1. Then S unl is a locally i^-analytic 
character. If S G *?(L), let Ml(S) be the (<p q , r)-module over Ml of rank 1 that has a basis e§ such that 
Wq{es) = S(n)es and a a (es) = S(a)es- If 5 G ^ an (L), then Ml(S) is 0_F-analytic. 

For locally F-analytic characters we have the following 

Theorem 0.3. For any S G J^ an (i), we Ziai/e 



For the proof of Theorem 0.3 we follow Colmez's method. In his paper [9] Colmez used the theory of p-adic 
Fourier transform for Z p . For our case we use the p-adic Fourier transform for Of developed by Schneider and 
Tcitclbaum [24] instead. But this transform can not be applied to our situation directly because, except for the 
case of F = Q p , it is defined over C p and can not be defined over any finite extension L of F. We overcome 
this difficulty by applying it to Mc p and then descending certain results to Ml- As a result, we obtain that, if 
5i and 82 are in J? an (L), then Ml(Si)^ =0 and Ml{o~2)^ =0 are isomorphic to each other as L[F]-modules. This 
is exactly what we need. In fact, we will show that Ss ■= (Mlc$ / M^ es)^ =0 ' r=1 is 1-dimensional over L for any 
8 e J^ an (L), and that H^ n (ML(5)) is isomorphic to Ss when w w (5(7r)) < 1 — v„(q) and S is not of the form x l . 

For characters that are not locally F'-analytic we have the following 

Theorem 0.4. For any S € J? (L)\j? an (I) we have H 1 (Ml(S)) = 0. Consequently every extension of Ml by 
M L (5) splits. 

To state our result on the classification, we need some parameter spaces. These parameter spaces are 
analogues of Colmez's parameter spaces [9]. Let be the analytic variety over J? an (L) x J? an (L) whose fiber over 
(61, 62) is isomorphic to Proj(H 1 (5iS 2 ~ 1 )), y an the analytic variety over ^ an (L) x y an (L) whose fiber over (Si, 82) 
is isomorphic to Proj^^i^ 1 )). There is a natural inclusion J^ an ^ ,Y. Let J^ n , .Y+ s , J^ ris , SPf, J^ rd 
and y+ cl be the subsets of y defined in Section 6. We can assign to any sei" (resp. s G y an ) a triangulable 
(resp. triangulable and O^-analytic) (<p q , r)-module D(s). 

Theorem 0.5. (a) For s G y , D(s) is of slope zero if and only if s is in y + — y? cl ; D(s) is of slope zero 
and the Galois representation attached to D(s) is irreducible if and only if s is in y* — (y° U y* cl ); 
D(s) is of slope zero and Op-analytic if and only if s is in y? n — y? cl . 



(b) Let s = (Si, 52,3?) and s' = (S[,5 2 ,£") be in y+ - y» cl . If Si = S[, then D(s) = D(s') if and only if 
s = s'. If Si + S[, then D(s) ^ D(s') if and only if s,s' G y™uy| rd with S[ = x w ^S 2 , 8' 2 = x~ w ^Si. 




and 
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In the case when F = Q p , this becomes Colmez's result [9]. The proof of Theorem 0.5 will be given at the 
end of Section 6. 

We give another application of Theorem 0.3. In the case of F = Q p , i.e. the cyclotomic extension case, 
Cherbonnicr and Colmcz [6] showed that all representations of Gq are overconvergent. But our following result 
shows that this is not the case when [F : Q p ] > 2. 

Theorem 0.6. Suppose that [F : Q p ] > 2. Then there exist 2- dimensional L -representations of Gf that are 
not overconvergent (in the sense of Definition 1-4)- 

By Kedlaya's Theorem [16], any (<p qi r)-module of slope zero D(s) in Theorem 0.5 (a) comes from a 2- 
dimcnsional L- representation of that is overconvergent. 

We outline the structure of this paper. We recall Fontaine's rings, the theory of ((p q , r)-modules and the 
relation between (<p q , r)-modules and Galois representations in Section 1.1 and Section 1.2, and then define 
Op-analytic (ip q , r)-modules over the Robba ring 3%l in Section 1.3. We define ip in Section 2.1, and study the 
properties of d and Res in Section 2.2. In Section 3.1 we extend ip to , in Section 3.2 we define operators m a 
on iffcp, and then in Section 3.3 we study the T-action on ,^l(<5)^' =0 for all 6 £ J^ an {L). The cohomology theories 
for Op-analytic (<p q , r)-modules are given in Section 4. In Section 5 we compute H an (t%L(6)) and H 1 (^l(S)) 
for all 8 £ i? an (L). After providing preliminary lemmas in Section 5.1, we compute H°(S) for all 5 £ t?{L) 
and H^ n {5) for 8 £ ^f an (L) satisfying v^(S(tt)) < 1 — v v {q) respectively in Section 5.2 and Section 5.3. For the 
purpose of computing H an {8) for all 5 £ ^ an (L), we construct a transition map d : Hl n (x~ 1 S) — > Hl n (5), which 
is done in Section 5.4. The computation of H an (6) is given in Section 5.5. In section 5.6 we define two maps tfc 
and t/^an- Applying results in Section 5 we classify triangulablc Op-analytic (ip q , r)-modules in Section 6. 

1 (ip q , r)-modules and C^-analytic (ip q , r)-modules 

In this section we recall the theory of (ip q , r)-modules built in [8, 15, 17]. We keep using notations in the 
introduction. 

1.1 The rings of formal series 

Put E + = \im Op/p with the transition maps given by Frobcnius, and let E be the fractional field of E + . We 

may also identify E + with lim Op/ir with the transition maps given by the g-Frobenius <p q = (^ log p q . Evaluation 

of X at 7r-torsion points induces a map i : TF — > E + . Precisely, if v = (u n )n>o £ TF with v n £ F[K n ](0 p) and 
7T • v n+1 = v n , then i(v) = {v*(X) + irOp) n > . 

Let {•} be the unique lifting map E+ — > W(E+)p := W(E+) ®o Fo Of such that ip q {x] = [7r]jr({x}) (see 
[8, Lemma 9.3]). When T is the cyclotomic Lubin-Tate group G m , we have {x} = [1 + x] — 1, where [1 + x] is 
the Teichmiiller lifting of 1 + x. This map respects the action of Gf- If v € TF is an Op-generator, there is an 
embedding 0p[[ur]] ^ W(E+)f sending ujr to {i(v)} which identifies Of[[uf]] with a Gp-stable and (p g -stable 
subring of W(E + )p. The Gp-action on Op[[mjp]] factors through T. By [8, Lemma 9.3] we have 

<Aj(«f) = M^(W^), 0- a {ujr) = [a]jr{ujr). 

In the case of F = G m , ujr is denoted by T in [!)]. Here T is used to denote the Tate module of a Lubin-Tate 
group. 

Let Og be the 7r-adic completion of Op[[ujf]][1/ujt]. Then Og is a complete discrete valuation ring with 
uniformizer 7r and residue field kp{{ujr)). The topology induced by this valuation is called the strong topology. 
Usually we consider the weak topology on Og, i.e. the topology with {n 1 Og + UjtOp[[mjt]] : i,j £ N} as a 
fundamental system of open neighborhoods of 0. Let S be the field of fractions of Og. Let S + be the subring 
F ®o F Of[[uA\ of S. 
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For any r e M+ U {+00}, let S^ ^ be the ring of Laurent series / = X^igz a i u% T with coefficients in F that 
are convergent on the annulus < v p (ujr) < r. For any < s < r wc define the valuation v^^ on ^l°< r ] by 

v {s} (f) = inf (vJai) + is) elU {±00}. 

z£Z 

We equip S^ ^ with the Frechet topology defined by the family of valuations {v^ : < s < r}. Then <fl°> r l 
is complete. We equip the Robba ring M := U, >o^ ' r ' with the inductive limit topology. The subring of Si 
consisting of Laurent series of the form X)i>o a i u% jr IS denoted by & + . 

Put := {X)iGZ a i u y € ^ I a, are bounded when i — > +00}. This is a field contained in both S and 
Put <f(°' r ] = <?t n^l ' r l. Let w[°' r J be the valuation defined by v^^(f) = min < s < r (/). Let O s{a , r] be 
the ring of integers in ^°< r ] for the valuation v^°' r l We equip O^(o. r] [1/itjr] with the topology induced by the 
valuation and then equip = U m6 N7r m S^ Q ^ [1/ujr] with the inductive limit topology. The resulting 

topology on S ( ' r l is called the weak topology [11]. Note that the restriction of the weak topology to the subset 
{f(ujr) = X^iez a i u jr € <f (°''] : a, = if i > 0} coincides with the topology defined by the valuation and its 
restriction to £ + coincides with the weak topology on S + . Then we equip <ft = U r>0 <? (0 ' rl with the inductive 
limit topology. 

We extend the actions of <p q and T on 0f[[mjf]] to S + , Og, £, <S^ and M continuously. 
Put tjr = logjr(itj^), where log^r is the logarithmic of J- . Then tjr is in S% but not in S 1 ' . When T = G m , 
tjr coincides with the usual t in [9]. Note that <p q (tjr) = irtj- and cr a (tjr) = atjr for any a £ Put 

Q = Q(ur) = W\A u r)/ur- 

We have the following analogue of [3, Lemma 1.3.2]. 

Lemma 1.1. If I is a V- stable principal ideal of £% + , then I is generated by an element of the form 

■ +°° / \jn+l 

w j£ II ( ¥q (*3( u J r )/Q(0)) ) • Furthermore the following hold: 

(a) If ' M + ■ <p q (I) C /, then the sequence {j n } n >o is decreasing. 

(b) If ' ■ tpq(l) 2 /, then the sequence {j n } n >o * s increasing. 

Proof. The argument is similar to the proof of [3, Lemma 1.3.2]. Let f(ujr) be a generator of I. For any 
p £ (0,1) put V P (T) = {z e C p : f{z) = 0,0 < \z\ < p}. If I is stable by T, then V P (I) is stable by [a]jr 
for any a £ Op. As V P (I) is finite, for any z £ V P (I), there must be some element a £ O f , a ^ 1 such that 
[a]jr(z) = z. Note that [7r]jr(z) satisfies [a]jr([7r]jr(z)) = [7r]jr(z) if [a]jr(z) = z. But the cardinal number of the 

set {z £ C p : [a]jr(z) — z, \z\ < p} is finite. Thus for any z £ Vi(p) there exists a positive integer m = m(p) 

+00 

such that [ir m ]r{z) = 0. Therefore I is generated by an element of the form J] (<Pq (Q(uj^)/Q(0))) jn+1 ■ The 

n=0 

other two assertions are easy to prove. □ 
Corollary 1.2. We have 

(^)=(^n^(Q(^)M°))) (i-i) 

n>0 

in the ring & + . 

Proof. Because the ideal (tjr) is T-invariant and S% + ■ <p q (tjr) = (tjr), by Lemma 1.1 there exists j £ N such that 

(tjr) = ( Uj r II Pq (Q ^jr) / Q (0)Y ) . From the fact (tjr/ujr) = 1 mod UjrM+ we obtain j = 1. □ 

^ n>0 ' 

If T' is another Lubin-Tate group over F corresponding to tv, by the theory of Lubin-Tate groups there 
exists a unique continuous ring isomorphism rjjr jr: : Og^_ — > Ojy, with 

■qjr jr,(ujr) = ujr> + higher degree terms in 0f[[ujf']] 
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such that r]jr jri o [a]jr = [a\jri o rjjr jri for all a £ Of- We extend rjjr jr, to isomorphisms 

^Og T ,, S+^S+, S T ^S r , 4^4„ Str^Slj:. 



By abuse of notations these isomorphisms are again denoted by r\jr jr,. 

Let £ u = logujr be a variable over 3${l/tj:]. We extend the <p q , T-actions to &{l/tjr,£ u ] by 

= 9tu + log ^4^, *M =iu+ log 
1.2 Galois representations and (ip q , T) -modules 

Let L be a finite extension of F. Let Rep^G^ be the category of finite dimensional L-vector spaces V equipped 
with a linear action of Gf. 

If A is any of S + , S, S\ {%, we put Al = A<E>p L. Then we extend the tp q , T-actions on A to Al by 
L- linearity. Let R denote any of Sl, S£ and &l- For a (ip q , r)-module over R, we mean a free R- module D of 
finite rank together with continuous semilinear actions of ip q and T commuting with each other such that ip q 
sends a basis of D to a basis of D. When R = Sl, we say that D is etale if D has a (/^-stable 0^ -lattice M 
such that the linear map ip q M — > M is an isomorphism. When R = S], we say that D is etale if Sl (gi^t -D is 

etale. When i? = &l, we say that D is etale or o/ s/ope if there exists an etale (ip q , r)-module A over S] such 
that D = Ml <8^.t A. Let Mod^' r ' et be the category of etale {ip q , r)-modules over R. 

Put B = W(E)f [l/7r]. Let B be the completion of the maximal unramified extension of S in B for the 
7r-adic topology. Both B and B admit actions of ip q and Gp. We have B Gf °° = S. 

For any V G Rcp L G_F, put Bg(V) = (B ®f V) Gf ~ . For any D G Mod^f' 6t , put V(D) = (B ®g D)v-> =1 . 

Theorem 1.3. (Kisin-Ren [17, Theorem 1.6]) The functors V and T)g are quasi-inverse equivalences of 
categories between ModJj£ r ' et andRep L Gp- 

As usual, let B^ be the subring of B consisting of overconvergent elements, and put B^ = B n BL Then 

( B t)G Foo =(? t. 

Definition 1.4. If V is an i-rcpresentation of Gf, we say that V is overconvergent if D^t (V) := (B^ ®_p V) Gf °° 
contains a basis of ~Dg(V). 

When F = Q p , according to Cherbonnier-Colmez theorem [6], all L-representations are overconvergent. 
But in general this is not true. For details see Remark 5.21. 

Proposition 1.5. (a) If A is an etale (ip q ,T) -module over S\, then V(S L A) = (B+ ®, t A)^ =1 . 

(b) The functor A i— > Sl ® g\ A is a fully faithful functor from the category ModJ^' t r ' et to the category 
Mod^/' 6t . 

(c) The functor D^t is an equivalence of categories between the category of overconvergent L-representations 
ofG F and Mod^f' 4 *. 

Proof. Without loss of generality we may assume that L = F. Put Bq p = W(E)[l/p] and Bq = Bq p nB^. The 
technics of almost etale descent as in Berger-Colmez [4] allows us to show that the functor A h-> Bq p ®gt A 
from the category of etale (ip, Gj^-modules over Bq to the category of etale (y>, Gi?)-modules over Bq p is an 
equivalence. For any (ip q , G^-modulc D over B^ (resp. B), we can attach a (<p, Gi?)-module D over Bq (resp. 
B Qp ) to D by letting D = ®/~ V*(-D) with the map 

<p*{D) = ®U^*(D) -y ®U^*(D) = D 
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that sends (fi"(D) identically to (fi l *(D) for i = 1, •••,/ — 1, and sends <p f *{D) = <p*(£>) to D using y> g . Here 
/ = log p q. Thus the functor a : A M> B ®g t A from the category of etale (ip q , GF)-modulcs over Bt to the 
category of etale (ip q , GF)-modules over B is an equivalence. Now let A be an etale (tp q , r)-module over S\ and 
put V = V(<? A). As a(B t ® F V) = B ® F V = B g^t A = a(B t g>^ t A), we have B t ®f V = B+ (g^t A. 
Thus V is contained in Bt (gi^t A n B A = B^ ® g1 A, and 1/ = (B* ® g i A)^ =1 . This proves (a). 

Next we prove (b). Let Ai and A2 be two objects in ModJj,' t r ' et . What we have to show is that the natural 

map 

is an isomorphism. For this we reduce to show that 

=i,r=i 



is an isomorphism. Here Ai is the ^^-module of -linear maps from Ai to <p', which is equipped with a 
natural etale (ip q , r)-module structure. We have 

/ „ \v> e =i,r=i / „ \ip q =i,G F =i 

[g ® #t (Ai ® g t A 2 )J = (^B (Ai (g^t A 2 )J 

B* ®, t (Ai ®, t A 2 ) ; 
(Ax ®, t A 2 )^= 1 - r = 1 . 



Finally, (c) follows from (a), (b) and Theorem 1.3. □ 
Proposition 1.6. The functor A H- A is an equivalence of categories between ModJj,' t r ' ot and 

Proof. Let I? be an etale (<^ g , r)-module over Mi,. By Kedlaya's slope filtration theorem [16], there exists a 
unique (^-stable ^-submodulc A of D that is etale as a y^-module such that D — Ml ® g \ A. For any 7 6 L, 
7(A) also has this property. Thus, by uniqueness of A, we have 7(A) = A. This means that A is T-invariant. □ 

1.3 CV-analytic (ip q , r)-modules 

For any r > s > 0, let v^ 3 ^ be the valuation defined by v^ s ' r \f) = ini r '&[ s ,r] v ^ r '^(f)- N °te that v^ s ' r \f) = 
inf v p (f(z)). 

z£LC p ,s<v p (z)<r 

Lemma 1.7. For any r > s > 0, there exists a sufficiently large integer n = n(s,r) such that, if '7 £ L„, £/ien 
we We z;[ s ' r ]((l - 7)2) > ^(z) + 1 /or oZi 2 £ ^°' r] . 

Proof. It suffices to consider z = u k jr, k E Z. If fc > 0, then 

T(Wjr) - Ujt = u_ F ( 1)( — + • • • + 1) 

and 

As u[ S:r l(yz) > w[ s ' r l(w) + u[ s ^ r l(z), the lemma follows from the fact that 7 ^- ) - l->0 when 7 — > 1. □ 



7 



Let D be an object in Modyj^' et . We choose a basis {e\, • • • , a} of D and write £>]°- r ] = ®i-x& L ° ■ ej. 

Note that our definition of D^°' r ^ depends on the choice of {e\, • • • , e^}. However, if {e' 1; • • • , e' d } is another 

basis, then ®f =1 S L °' r] ■ a = ®f =1 (gf' r] ■ e[ for sufficiently small r > 0. When r > is sufficiently small, L>]°' r ] is 
stable under T. By Lemma 1.7 and the continuity of the L-action on D^ r \ the series 

oo 

i og7 =^(7-ir(-ir 1 A 

i=l 

converges on £)]°' r ] when 7—5-1. It follows that the map 

dr : Licr -> End L D ]0 ' r] , /3 i-> log(exp /3) 

is well defined for sufficiently small (3, and we extend it to all of Lier by Z p -linearity. As a result, we obtain 
a Zpdinear map dL,o : LieL — > End^D. For any (3 e LieF, dF^ L (/3) is a derivation of 3%l and dr£>(/3) is a 
differential operator over dr^ £ (/3), which means that for any a £ .S?/,, m £ D and /3 £ Lier we have 

dT D (J3)(am) = dT S g L (0)(a)m + a ■ ar D (P)(m). (1.2) 

The isomorphism \jr : V — > O f induces an ©^linear isomorphism LieF — > (Dp- We will identify Lier with 
Of via this isomorphism. 

We say that D is Op-analytic if the map dF£> is not only Z p -linear, but also O^-linear. If D is Op-analytic, 
the operator dr^j (/3)//3, /? £ Of, ft 7^ 0, does not depend on the choice of (3. The resulting operator is denoted 
by Vfl or just V if there is no confusion. Note that the T-action on 3$l is Op-analytic and by [17, Lemma 2.1.4] 

dF T 

V = ^' -^fa^O) -d/dujF, (1.3) 

where Fj?(X, Y) is the formal group law of T. Put d = ^^(ujr,0) ■ d/dujr. From the relation a a (tjr) = atjr 
we obtain Vtjp = tjr and 9 tjr = 1. When T — G m , V and d are already defined in [2]. In this case 
Fjr(X, Y) = X + Y + XY and so 9 = (1 + w^d/dup. 

We end this section by classification of (ip q , r)-modules over Ml of rank 1. 

Let J^{L) be the set of continuous characters 5 : F x — > L x , J? an (L) the subset of locally F-analytic 
characters. If 5 is in ^ an (L), then -j§^y, a £ O f , which makes sense when log(a) ^ 0, docs not depend on a. 
This number, denoted by w$, is called the weight of <5. Clearly ws = if and only if S is locally constant; ws is 
in Z if and only if <5 is locally algebraic. 

If 6 £ ^{L), let Ml{5) be the (ip q , r)-module over Ml (of rank 1) that has a basis such that <p q (eg) = 
5(ir)es and <r a (es) = 8(a)es- It is easy to check that, if 6 £ J 2 an (i), then Ml(6) is Op-analytic and Vs = 
^se L (S) = ^J 7 ^ + "'a (more precisely Vs(zes) = {tj^dz + wsz)es). If Ml(S) is etale, i.e. v p (J(7r)) = 0, we will use 
L{8) to denote the Galois representation attached to Ml{5). 

Remark 1.8. All of 1-dimcnsional L- representations of Gf arc ovcrconvergent. In fact, such a representation 
comes from a character of F x and thus is of the form L{8). 

Proposition 1.9. Let D be a (ip q , T)-module over Ml of rank 1. Then there exists a character 6 £ ^{L) such 
that D is isomorphic to Ml(S). Furthermore D is Op-analytic if and only if S £ ^ an (L). 

Proof. The argument is similar to the proof of [9, Proposition 3.1]. We first reduce to the case that D is etale. 
Then by Proposition 1.6 there exists an etale (<p q , r)-module A over <§^ L such that D = Ml ® g \ A. Now the 
first assertion follows from Proposition 1.5 and Remark 1.8. The second assertion is obvious. □ 

2 The operators ip and d 
2.1 The operator tp 

We define an operator ip and study its properties. 
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Note that {itjF}o<i<<j-i is a basis of S'l over <p q {$L). So S'l is a field extension of ip q (S'i J ) of degree q. Put 
tr = tr^ /vg(<fe) . 

Lemma 2.1. 

(a) There is a unique operator ip : $l — > such that ip q o ip = g tr. 

(b) For any a,b G $l we have ip(ip q (a)b) = aip(b). In particular, ip o ip q = id. 

(c) ip commutes with Y. 

Proof. Assertion (a) follows from the fact that ip q is injective. Assertion (b) follows from the relation 

ip g (ip(cp q (a)b)) = ti(ip q (a)b)/q = ip q (a)tr(b)/q = cp q (a)(p q (ip(b)) = ip q (aip(b)) 

and the injectivity of <p q . As (p q commutes with T, tp q ($i,) is stable under V. Thus 7otro7 _1 = tr for all 7 e Y. 
This ensures that ip commutes with Y. Assertion (c) follows. □ 

We first compute ip in the case of the special Lubin-Tate group. 

Proposition 2.2. Suppose that J- is the special Lubin-Tate group. 

(a) lf£>0, then ip{u l jr) = J^flo a i,i u% T with v ^i a t,i) > [t/q] + l — i- v^{q). 

(b) lf£<0, then 1>(v&) = J2flf be,tuh with v^) > [£/q\ + 1 - i- v r (q). 

Proof. First we prove (a) by induction on I. As the minimal polynomial of ujr is X q + nX — {u^ + ttuj^), by 
Newton formula we have 

if 1 < i < q - 2, 

(1 — q)n if i = q — 1. 



tr(u» 
It follows that 



if 1 < i < q - 2, 

(1 — q)ir/q if i = q — 1. 



Thus the assertion holds when < I < q — 1. Now we assume that I = j > q and the assertion holds when 
< I < j -1. We have 

1p{u l jr) = 1p((Ujr + -KUjr)Up q ) ~ Ip (tTU^^ 1 ) = Ujr1p{u^ q ) - 7n/> (m^T ?+ 1 ) 

Wl] [(l+l)/q]-l 

= ^2 ae.-q,i-\u % j: - ^2 ■Kai- q+ i t iU l J r. 

i=l i=0 

Thus aej = a£- q j-i — Tta£- q+ ij. By the inductive assumption we have 

v n (at- q ,i-i) > [(£ - q)/q] + 1 — (* — 1) - v„{q) = [£/q] + 1 - * - v„(q) 

and 

v w (ae- q+ i ti ) > [(£ - q+ l)/q] + 1 - i - v n (q) > [l/q] - i - v n (q) 

It follows that v w (ai t i) > [£/q] + 1 — i — v^ici). 
Next we prove (b). We have 



*(«§o = 1 ) = — 
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-<(9-l)/g] -l r 



E 

1=0 



E 

J=0 



—l—i i+t 

7T J a j{M -i) >i -u£ 



[t/q] -t r 

EE 



i 



Here. 



Thus 6? 



E 

J=0 



J 



Ti" £ ^Oj-^-i)^^. As 



[-j/q] + 1 - * - > [^/g] + 1 — i — 



we obtain v^ibi^) > [i/q] + I — i — v^^q). 



□ 



Let <f L be the subset of £l consisting of elements of the form ^ aiU 1 ^. 



i<-l 



Corollary 2.3. Suppose that JF is the special Lubin-Tate group. Then ip(£ L ) C S' L . 

Proof. This follows directly from Proposition 2.2. □ 
Proposition 2.4. (a) FFe have ip{££) = g£ , i>{O g +) C \O s + and ip{Og L ) C 

(b) tp is continuous for the weak topology on £l ■ 

(c) S'l is stable under tp, and the restriction of tp on £^ is continuous for the weak topology of £^. 

(d) If f e £^°' r] , then the sequence (-ip) n (f), n E N, is bounded in £^' r ^ for the weak topology. 

Proof. Let J-q be the special Lubin-Tate group over F corresponding to n. Observe that tpjr = rfj^ jrtpjr r]jr jr. 
As rijr (uJ r(ujr ) = ujrx a unit in £>_f[[uf]], for any r > we have that r/jr ^(O^ L [1/uf ]) = 0^ r \[l/ujr] 



and that J7_f ,_f respects the valuation v 
follows that £ 



[0,r] 



Thus rjjr Q jr : ^^'^ — > S'-p^ ^ s a topological isomorphism. It 



T ,L 



£ 



jr L and its inverse are continuous for the weak topology. Similarly rjjr jr ; £j^ 0> l 



£ 



T.L 



and its inverse are continuous for the weak topology. Hence we only need to consider the case of the special 
Lubin-Tate group. Assertions (a) and (b) follow from Proposition 2.2. For (c) we only need to show that, for 
any r > we have ip(£^°' r ^) C £^°' r ^ and the restriction tp : £^' r ^ — > £j°' r ^ is continuous. By (b) the restriction 
of tp to £^ is continuous. By Proposition 2.2 (b) and Corollary 2.3, if / is in £^ n £^' r \ then tp(f) is in £*£ 

and v M 0(/)) > v {r} (f) + «p (*"/?)• Thus i> ■ S l n ~> S l n is continuous, which proves (c). As 

ty(0,+ ) C 0,+ and W W(^(/)) > w {r} (/ ) for any f e ^- n (d) foUows . n 

Next we extend tp to ^l. 

Proposition 2.5. IVe can extend tr continuously to Ml- The resulting operator tr satisfies tr\ v (s% L ) — ' id 
andtT(M L ) = tp q (£$ L )- 

Proof. Let rff" 00 denote the subset of £ L consisting oi f e £ L of the form E n >-oc a « u J- If / e ^if" 00 ' thcn 

tr(/)= £ f{UF+FTj)- 

If ?; is in kcr[7r]jr 7 then v v {rf) > ^ q _\^ eF where ep = [F : Fo\. Thus, if r and s g K + satisfy ^ q _\^ ep > r > s, 
the morphisms ujf i— > ujr +jr ?j (77 g ker[7r]jr) keep the annulus {z £ C p : p _r < \z\ < p~ s } stable. So for any 
/ e £f ~°° we have v [s ' r] (/(u^ +^ '?)) = wl s ^l(/) and ^^(tr^)) > w [s ' rl (/)- Hence there exists a unique 
continuous operator Tr : — > such that Tr(/) = tr(/) for any / G £j^~°°. (For any / e choosing a 

positive real number r such that / £ £^' r \ we can find a sequence {/i}i>i in £^~°° such that fi—tf in (#]°' r J; 
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then {tr(/j)}j>i is a Cauchy sequence in S L s ' r ^ for any s satisfying < s < r, and we let Tr(/) be their limit in 
d"! ' 7 "]; it is easy to show that Tr(/) does not depend on any choice.) From the continuity of Tr we obtain that 
Tr^t = tr and Tr| Vg( ^ L ) = q ■ id. By Lemma 2.6 below, ip q : £%l 0?,^ is strict and thus has a closed image. 

Since §1 is dense in @ L and Tr(^) = ^ q (S]} C tp g (& L ), we have Tr(M L ) C ip q (M L ). □ 
Lemma 2.6. If -, — — > r > s > and f £ Si ' r \ then we have 

• « [s ' r] (7(/)) = « [s ' r] (/) for all 1 £T; 

• « [s ' r] (M/)) = v^(f) ifr < 

Proof. Since [xHl^H 11 ^) e ujrO F [[uj-]}, we have v p ([xj^{^)]t{z)) > v p (z) for all z e C p such that v p (z) > 0. 
By the same reason we have v p ([x^(j~ 1 )}r(z)) > i> p (z) and thus v p ([xt{"i)]t{z)) sC t> p (z). So v p ([xr{l)]r{z)) = 
v p (z). 

i 

If z £ C p satisfies p (,_1|e F < p~ r ^ \z\ ^ < 1, then t! p ([7r]jr(z)) = qv p (z). Thus, the image by 
2 !-> [^.f^) of the annulus {2 <G C p : p~ r ^ |z| ^ p~ s } is inside the annulus {z £ C p : p~ qr ^ \z\ ^ p~ qs }. 
Conversely, if w £ C p is such that p~ qr ^ \w\ ^ p~ 9S , then v p (w) < r q _\\ eF ■ The Newton polygon of the 

polynomial — w+ {ir]jr(ujr) shows that this polynomial has q roots of valuation -v p (w). If z £ C p is such a root, 
we have p~ r ^ \z\ ^ Thus, the image of the annulus p~ T ^ \z\ ^ is the annulus ^ |z| ^ p~ qs . □ 

We define tp : 0£ L -> ^£ by V> = | tr. 

Lemma 2.7. J/ (l? _? )eF > r > s > and f £ gf' r \ then v [s ' r] (^Cf)) > v^ s I q ' r / q \f) - v p (q). 
Proof. By Lemma 2.6 it suffices to show that 

w [s/9 ' r/9 WV>(/))) =v [s/q ' r/q] (q-hv(f)) > v W^/,] {f) _ Vp{q y 
But this follows from Proposition 2.5 and its proof. □ 

As a consequence, ip : &l — )• £$l is continuous. 
Corollary 2.8. (a) {u l jr}o<i< q -i is a basis of over ip q ((ol), and trj^t = tr^t/^, (<pt)- 

(b) { u ^}o<i<<?-i * s a &as * s over ip q (& L ). 

Proof. Let {6i}o<;<g-i be the dual basis of {w^r}o<i<g-i relative to tog L /<p {g L )- Let -B be the inverse of the 
matrix (tr^^))^-. Then B £ GL q ((^£) and (bo, b±, • ■ • , frg-i)* = B(l, ujr, ■ ■ ■ , w^T 1 )*. So b , b\, ■ ■ ■ , b q ^i are 
in (c^- Then / = Xa=o ^j 7 ^^/) f° r an y / ^ ^£0 or (F° r the former two cases, this follows from the 
definition of {frj}o<i<g-i; for the last case, we apply the continuity of tp.) Thus {ujr}o<i< q -i generate <§ L (resp. 
£%l) over <Pq{&l) (resp. ip q (&i)). In cither case, to prove the independence of {u l jr}o<i< q -i, wc only need to 
use the fact ip(biUj?) = Sij £ {0, 1, ■ • • ,q— 1}), where Sij is the Kronecker sign. Finally we note that the 
second assertion of (a) follows from the first one. □ 

We apply the above to ((p q , r)-modules. 

Proposition 2.9. If D is a (ip q ,T)-module over R where R = $l, (°l or Sftj,, then there is a unique operator 
-0 : D — ^ D such that 

ip(aipq(x)) = ip(a)x and ip(ip q (a)x) = atp(x) (2-1) 
for any a £ R and x £ D . Moreover ip commutes with T. 

Proof. Let {ei, e2, • ■ ■ , ed} be a basis of D over R. By the definition of (ip q , r)-modules, {<p q (ei), <p q (e2), •• ■ , Vg( e d)} 
is also a basis of D. For any m £ D writing m = a\(p q (ex) + a2^p q (e.2) + • • • + ad(p q (ed), we put i/j(m) = 
ip(ai)ei + ip(a2)e2 + ■ ■ ■ + ip(ad)e.d- Then ip satisfies (2.1). It is easy to prove the uniqueness of -0. Observe that 
for any 7 £ T, 7^7" 1 also satisfies (2.1). Thus 7-07 _1 = 1/; by uniqueness of ip. This means that tp commutes 
with r. □ 
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2.2 The operator d and the map Res 

Recall that d = ^(ujr,0) • d/du^. So di? = ^(u^Ojdujr and ^ = (^(^O))" 1 . 
Lemma 2.10. If r > s > Q and f E M ] °' r] , then v^' r \df) ^ v [s ' r] (/) - r - 

Proof. Observe that v p (^(z,0)) = for all z in the disk \z\ < 1. Thus v^(df) = (j^)- Write 
/ = S ne z a n u ^- Then we have 



nSZ 



> inf (fp(on) +n« P (^) — v p (z)) 

nSZ 

^ inf (v p (a n ) + nv p (z)) - r 
>v M(f)-r, 

as desired. □ 
Lemma 2.11. We have 

d • a a = aa a ■ d, d ■ <p q = TT(p q ■ d, d a ip = ir~ 1 ijj o d. 
Proof. From the definition of V we see that V = tjrd commutes with T, ip q and ip. So the equalities 

0- a (tr) = atjr, lfiq(tjr) = irtjr, 1p(tjr) = -0 (tT " 1 tf q (tjr ) ) = TT^tjr 

imply the lemma. □ 

Let res : MLdujr — > L be the residue map res(^ a.iu^dujr) = a_i, and let Res : Ml — > L be the map 

iez 

defined by Res(/) = res(/dtjr). 

Proposition 2.12. We have the following exact sequence 

L =~ M L — d -+ M L L *■ 

where L — > Ml is the inclusion map. 

Proof. The kernel of d is just the kernel of d/dujr and thus is L. For any a S L we have Res(^ • (g^:) -1 ) = a , 
which implies that Res is surjectivc. If / = dg, then fdtjr = dg and so Res(/) = res(dg) = 0. It follows that 
Res o d = 0. Conversely, if / € Ml satisfies Res(/) = 0, then / can be written as f — (j^-) -1 • a i u% ?- 

Put g = E^-i feu* 1 ' Then / = dg. □ 

Proposition 2.13. 

(a) Res o a a = a _1 Res. 

(b) Res o tp q = -^Res and Res oqp = ^Res. 

Proof. First we prove (a). Let g be in Ml and put f = dg. By Lemma 2.11 we have 
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Thus by Proposition 2.12 we have Res o a a = a 1 Rcs = and Res o ip = ^Rcs = on 8Ml- From 

o~ a (l/ujr) = j—— = — !— mod 

we see that Res o a a {^) = a _1 Res(^r). Assertion (a) follows. 

To prove Reso-i/j = ^Res, without loss of generality we suppose that F is the special Lubin-Tate group. In 
this case ip(-^) = and so Res(tp(l/ujr)) = -|Rcs(l/wjr). It follows that Res o ip = ^Res. Finally we have 
Res(ip q (z)) = ^Reslip (fq(z)j) = ^Res(z) for any z G 3% L . In other words, Res oip q = £Res. □ 

Using Res we can define a pairing {•, •} : Ml x 2%l — > L by {/, <?} = Res(/g). 

Proposition 2.14. (a) The pairing {•,•} is perfect and induces a continuous isomorphism from Ml to its 
dual. 



(b) We have 



Wa(f), <Ja{g)} = o-H/, g}, {<p q (f),v> q (g)} = -{/, .9}, Wf)^(a)} = -{/, .9}- 

7T (7 



Proof. Assertion (a) follows from [12, Remark 1.1.5]. Assertion (b) follows from Proposition 2.13. □ 



3 Operators on &c p 
3.1 The operator ip on M<^ v 

First we define Mc p - For any r > 0, let S^'^ := <?]° ,r l(g>FCj, be the topological tensor product, i.e. the 
Hausdorff completion of the projective tensor product <# , ]°> r ] ® F C p (cf. [23]). Then <^ is the ring of Laurent 
series / = X^ez * 7 ^ wu; h coefficients in C p that are convergent on the annulus < V p (uj?) < r. We also write 
MX for <cl ' +o °'. Then we define Mr to be the inductive limit lim sf? ,r \ 

The p-adic Fourier theory of Schneider and Teitelbaum [24] shows that M£ is isomorphic to the ring 
5?(0f,C p ) of Cp-valued locally F-analytic distributions on Of- We recall this below. 

By [24] there exists a rigid analytic group variety X such that X(L), for any extension L C C p of F, is the 
set of L-valued locally F-analytic characters. For A G @(Of,L), put Fx(x) = A(x), X G -£(£). Then Fa is in 
0(X/L), and the map @(Of,L) — > 0(X/L), A i-> Fa, is an isomorphism of L-Frechet algebras. 

Let F' be the p-divisible group dual to F, TT' the Tate module of F'. Then FF' is a free O^-module of 
rank 1; the Galois action on FF' is given by the continuous character r := Xcyc 'X? 1 > wnere Xcyc is the cyclotomic 
character. By Carticr duality, wc obtain a Galois cquivariant pairing ( , ) : F(C p ) ®o F TJ-' -> Bi(C p ), where 
Bi(Cp) is the multiplicative group {z G C p : \z — 1| < 1}. Fixing a generator t' of FF', we obtain a map 
F(C P ) —5- Bi(Cp). As a formal series, this morphism can be written as f}p(X) := cxp(f2 logjr(A')) for some 
ft G C p , and it lies in 1 + A^c p [[A]]. Moreover, we have v p (£l) = -^zj — ( q _\^ eF (cf. the appendix of [24] or [7]) 
and cr(f2) = t(ct)Q for all a G Gf- Using (•, •) we obtain an isomorphism of rigid analytic group varieties 

k : F(C P ) ^ X(C P ), z i— > «,(*) := (f, [*>(*)) - 

Passing to global sections, we obtain the desired isomorphism @(Gf,C p ) = 0(X/C p ) = M£ . 

We extend ^ and the T-action C p -linear and continuously to i4?c p - By continuity we have ip(<Pq(f)g) = 
fip{g) for any /, g G .^c p - All of these actions keep M£ invariant. 
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Lemma 3.1. We have 

*«GM[*]jO) = /MM.f), 

P,GMH.f)) = PAWr), 
no /r-i \ \ f if id ttO f 

3(/MM^)) = in/3j,([»]^). 

Proof. The formulae for cr a and </? g are obvious. The formula for 9 follows from that 

d exp(ii7 log jr(ujr)) = exp(iil log jr(ujr)) ■ d(i£Ujr) = ift exp(iil\ogjr(ujr)) . 
If i £ ttO f , then ^(Af(H.f)) = ^ ^(^([V 71 "]^)) = Pj r (i i / 7T ]j r )- For any i ^ 7rO F , we have 



yr;ekcr[7r]^- y \ r;eker[7r]^ y 



because : G ker[7r]jr} = {/3j^(r]) : n £ kcr[7r]jr} take values in the set of p-th roots of unity and 

each of these p-th roots of unity appears q/p times. □ 

The isomorphism 3$£ = @(Op, C p ) transfers the actions of <p q , ip an d T to @(Op,C p ). 

Lemma 3.2. For any /j, £ @(Of,C p ), we have 

*«(/*)(/) = <pMU) = a*(/(t-))- 

Proof. Note that the action of (£ Q and T on comes, by passing to global sections, from the ((p q , r)-action 
on .F(C P ) with ip q = [ir]jr and er a = [a]jr. The isomorphism k transfers the action to X(C P ): ip q (x)(x) = x(7r;c) 
and o- a (x)i x ) = x( aa 0- Passing to global sections yields what we want. □ 

Lemma 3.3. The family [f3p([i]j^))_ is a basis of &c p over ip q {S%<c p ) • Moreover, if 

f= E M[*VK(/*)> 

£/ien the terms of the sum do not depend on the choice of the liftings i, and we have 

am(m-«w/). 

Proof. What we need to show is that 

/= E M[ib)-v,°WHHb)/) ( 3 - 2 ) 

for all / G &c p - Indeed, (3.2) implies that {/3^([i]^)}igo F /w generate ^c p over <p q {&c p )- On the other hand, 
if / = /3j r ( [*]j r ) ( Pg(/i); using (3.1) we obtain /, = -0(/3jr([— i]^-)/), which implies the linear independence 

of {AF^MkeeWT over ¥>g(^C p )- As the map / h-> Eieo P /7r AHW-f) ■ ^9 ^OMHM/) is <Pg(^c p )-linear 
and continuous, we only need to prove (3.2) for a subset that topologically generates Mc p over <p q (&c p )- For 
example, {itjr}o<i<q-i is such a subset. So it is sufficient to prove (3.2) for / £ . For any i £ Op, let Si be 
the Dirac distribution such that Si(f) — f(i). Then K*(6i) = /3p([i]p). Indeed, we have 

K*(Si)(z) = 6i{z) = K z (i) = PA\i]Az))- 
It is easy to see that (<5i)ieo F /7r is a basis of ^(Of,C p ) over (p q (@(GF,C p )). Thus every / £ ffl^ can be 
written uniquely in the form / = ^- ie Q F /^ Ppi\i]p)f q {fi) with /, £ M£ . As is observed above, from (3.1) we 
deduce that f l = ^(MHb)/)- □ 
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Next we define operators Resr/. These are analogues of the operators defined in [12]. 
For any / G &c p , i £ Of and integer m > 0, put 

Lemma 3.3 says that 

/= Y Rcs '+»Of(/)' 

This implies that the operators RcSi +7T m o F arc wcu defined (i.e. RcSi +7T m o F docs not depend on the choice of 
i in the ball i + 7r m 0j?). Applying Lemma 3.3 recursively we get 

/= Y Res l+7rmC , F (/). 

Finally, if U is a compact open subset of Of, it is a finite disjoint union of balls u- + -k^Of- Define 
Rosy = J2k R- cs ifc+7r m fcOF- The map Resu ■ &c p — > &C P docs not depend on the choice of these balls, and 
we have Rcse> F = 1, Res@ = and Res^y^/ + Resr/ n r// = Rosy + Resr/<. 

3.2 The operator m a 

Let a: Of — > C p be a locally (F-)analytic function. In this subsection, we define an operator m a : &c 
similar to the one defined in [10, V.2]. 

Since a is a locally analytic function on Of, there is an integer m ^ such that 

a(x) = Y. a i,n(x - i) n for all x ei + Tr m O Fl 

n=0 

with a,- „ = A -r^cx(x)\ .. Let I ^ m be an integer. Define 

m a (f) = Y feWr) K [Y ai, n ^ n n- n dA o A (MHb) • /). 

iGOf/tt 1 V \n=0 / / 

(Formally, this definition can be seen as "m Q = a(fi -1 <9)"). According to Lemmas 2.6, 2.7 and 2.10, if 
t < i i ? 1 ri — then wc have 

«^ ((^ o n- n 5" o ^)(<?)) > -ngf'r - nv p (Q) + v l%r] (g) ~ iv p (q), 
and thus J2n=o a n,i' Kln { i p\ ° Q~ n d n o ip e )(d) converges when ^ and r satisfy 

£ » 1 1 m 

? r 7 + 7 7T - > —■ 

Cf — 1 (q — ljep eF 

If we choose £ > m + -^-r ^-r and r close enough to 0, then this condition is satisfied. Hence, we have indeed 

defined a continuous operator m a : £%c p ~^ &C P ■ 

Now, let us prove that m a (f) neither depend on the choice of £, nor on that of the liftings i for i € Of/t^ 1 ■ 
By linearity and continuity, we may assume that / = li +7T m o F ( x — *) • Remark that we have 



7r (fe-n)m yk-n 
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It suffices to show that, 



E PA[K m v]r) K ( E a,+^",,^ £n O-"9" J o ^ J (M[-vr ro ^) • /) 

UeOp/Tr 4 -™ \ \n=0 / / 

= (v?™ o (n mk n- k d k ) o ^ m ) /. 

and for this it is sufficient to prove that 

E PAMr) K~™ ° ( E a i+ ^ n n en n- n d n J o j (^([-t>]^) • /) = 7r mfc Q- ft S fc /. 

tTGOF/ir 4 -™ V \n=0 / / 

As 

k k r -I 

E a i+ i r m v , n iT ln Vl- n d n = E ^^"V"™ • 7r £n fi-"9" = n mk (rr^Q^d + v) k , 
n=0 n=0 L - 

it suffices to prove that 

Since (^-'"fr 1 ^ + o t//~ m = ° + v) k and 

(which follows from Lemma 3.1), the problem reduces to proving 

/ = E Mbb) (^" m ° ^~ m ) (WHf)/ 

But this can be deduced from Lemma 3.1 and Lemma 3.3. 

Lemma 3.4. If a, (3: Op — > C p are locally analytic functions, then m a o mp = map. 

Proof. We can choose £ sufficiently large, so that the same value can be used to define m a (f) and mp(f). Since 
xjr o (p ( q = 1, the equality in the lemma reduces to the expression of the product of two power series. □ 

Lemma 3.5. We have: 

• mi = id 

• If U is a compact open subset of Of, then ReS[/ = mi u . 

• If A G <C P , then m\ a = Xm a . 

• ipg O m a = m xl ^i„ OF ( x ) a („-i x ) o ip q 

• i/jom a = m x ^ a{7Tx) o ip 

• For any a G O f , we have a a o m a = m xh ^. a u-i x \ o er a 

• is stable under m a . 

Proof. These are easy consequences of the definition of m a . □ 

Remark 3.6. The notation m a stands for "multiply by a" : for any fi G @{Of, C p ) we have m a K*{F n ) = K*(F au ), 
where ctfx is the distribution such that (afi)(f) = /i(a/) for any locally _F-analytic function /. 
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The operator m a has been defined over &c p , using a period ft £ C p that is transcendental over F. However, 
in some cases, it is possible to construct related operators over 31 l, for L smaller than C p . This is done using 
the following lemma. 

Lemma 3.7. Let a be in Gl- Consider the action of a over Sic p given by 

Ffc) = E ff ( a » fM = E a ^ uV F e ^c P - 

Then, we have m a (f) a = m fj (f a ), for f3(x) = a [a ( xgIC) X ) ) " 

Proof. This can be deduced easily from the definition of m Q and the action of a on Q. □ 



3.3 The L[r]-module M L {8) 



Let 8: F x — > L x be a locally F-analytic character. Then the map x i-> 1 * (x)S(x) is locally analytic on Of- 
Thus, we have an operator mi x a on ■ 

°F 

Lemma 3.8. Let f be in Ml- If m\ x s(f) = Snez a?lM :F ^ ^C p , then the coefficients a n are all on the same 

°F 

line of the L-vector space C p . Moreover, this line does not depend on f. 
Proof. Let a be in Gl- From Lemma 3.7 and Lemma 3.5 we see that 

and thus a(a n ) = S ( a n for all n. 

Ax-Sen- Tate's theorem (see e.g. [1] or [18]) says that C p L = L. Hence, 

z e C p : a(z) = 6 ( X ,A zM a e G L 

\XG m \?)J 

is an L-vector subspace of <C p with dimension or 1, which proves the lemma. □ 
Since mi x jo mi g-i = Res^x = 1 — ip q o ip is not null, there is a unique L-line in C p (which depends 

°F °F F 

only on 5) in which all the coefficients of the series mi x s(f), for / S fie. Choose some non-zero as on this 

°F 

line. 

As 

<p q o %l> o m^j = m li0f , lo ^ = 
and <fiq is injective, mi x s{f) is in M^~°. 

°F P 

Lemma 3.9. Define: 

M S : <Mf=° — > ^=°, 

/ 1 — ► «7 lm i„x<5(/)- 

^F 

(These maps are defined up to homothety, with ratio in L, because of the choice of constants as). Then: 

• M\ is a homothety (with ratio in L x ) of S$ff~ ; 

• M$ 1 o Ms 2 = Ms 1 s 2 , up to homothety; 

• Ms is a bijection, and its inverse is Mg-i up to homothety; 
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• for all 7 G r, we have 6(7)7 Mg = Mg a 7; 

• {M^)^=° is stable under Ms- 
Proof. This follows from Lemma 3.5 and the fact that Iir^Rcs^x ) = Ker(Res 7r c' F ) = □ 

If 8 is in / an (L), we put &1{8) = M L (5)/^{8). Since 3Q{8) is <p q , ip, Instable, ^(8) also has <p q , 4>, 
T-actions. 

Lemma 3.10. We have an exact sequence 

S%1 (6)*=° M L {8)^=° &Z(S)*=° >■ 0. 

Proof. This follows from the snake lemma and the surjectivity of the map tp : £?-^{8) — > 3#~^(8). □ 

Observe that ^(S)^ = &f =0 ■ e 5 and @%{$f=° = (^)^=° ■ eg. As ip commutes with T, M L {8)^=° , 
M+(8)^= and 381(5)^=° are all T-invariant. 

Proposition 3.11. Let 81 and 8 2 be two locally F-analytic characters F x — > L x . Then as L[T]-modules, 
^ L ^if =Q is isomorphic to & L (5 2 )^= , ^(8^=° is isomorphic to 3$£(5 2 )^=°, and &1 (S^ is isomorphic 
toMZ{8 2 y=°. 

Proof. All of the isomorphisms in question are induced by M s -i s ^. □ 

Proposition 3.12. The map d induces T-equivariant isomorphisms (&l(8))^ =0 — > (&l(x5)) '^ =t) , (^^(8))^ =Q — » 
(@+{x6))^° and {^{S))^=° -> (&l(xS))*=° . 

Proof. We first show that the maps in question are bijective. For this we only need to consider the case of 8 = 1. 
As Ker(<9) = L, d is injectivc on ^j* -0 . For any z G ^f -0 , Res(z) = ^Res(-0(z)) = 0. Thus by Proposition 
2.12 there exists z' g M L such that dz 1 = z. As d(ip(z')) = ^i/j(dz') = 0, ip(z) = c for some c 6 L. Then 
z'-c£ ^^ _0 and d(z' — c) = z. This shows that the map — > ,^' _0 is bijective. It is clear that, for any 
z £ ^ =0 , dz G if and only if z G ^ . Thus the restriction d : (&£)^ =0 -> (M^ =0 and the induced map 
d : )^ =0 H- {@l )^ =0 arc also bijective. 

That these isomorphisms arc T-cquivariant follows from Lemma 2.11. □ 



Sg :=^i((J) r=1 ^ =0 . (3.3) 



Put 

As before, let Vg be the operator on SE^ or such that (Vga)eg = V(aej), i.e. Vg = tjrd + Wg. The set 
&~£{5)/S7sM~t j (8) also admits actions of T, ip q and ip. Put 



T 6 := (^+(<J)/V^+(<5)) r=1 ^= . 
Both 5^ and T5 arc L-vector spaces and only depend on S\ x . 

Lemma 3.13. Sg = ^£(8)^~ '^ s ~ ' r=1 , i.e. Sg coincides with the set of T -invariant solutions ofVgz — in 
M~ L (8)^. 

Proof. In fact, if 2 G ^(<5) r=1 , then V^z = 0. □ 
Corollary 3.14. dim^, Sg = dim^ S\ and dim^ Tg = dim^ Ti /or all 8 G t y an (L). 

Proof. This follows directly from Proposition 3.11. □ 
Corollary 3.15. The map z 1— Y d n z induces isomorphisms Sg — > S x ng and Tg — > T x ng. 

Proof. This follows directly from Proposition 3.12. □ 
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We determine dim^ S$ and dim^ T$ below. 
Lemma 3.16. The map V5 induces an injection V5 : Ss — > Tg. 

Proof. By Proposition 3.11 we only need to consider the case of S = 1. 

Let z be an element of Si. Let z G ^^ _0 be a lifting of z. By Lemma 3.13, Vz is in We show that 
the image of Vz in M^/VM^ belongs to Ti. Since = 0, t/>(Vz) = V(ip(z)) = 0. For any 7 6 T there exists 
a 7 G such that jz ~ z + a 7 . Thus 7(Vz) = Vz + Va 7 . Hence the image of z in ^^/V^^(5) is fixed by 
r. Furthermore the image only depends on z. Indeed, if z' £ ^f~ is another lifting of z, then V(z' — z) is in 
Therefore we obtain a map V : Si — ^ Ti. 

We prove that V is injective. Suppose that z G Si satisfies Vz = 0. Let z e be a lifting of z. Since 

Vz is in WMt, there exists y £ such that Vy = Vz. Thus V(z — y) = 0. Then z — 7/ is in i, which implies 
that z £ or equivalcntly z = 0. □ 

Lemma 3.17. dimi,Ti = 1. 

Proof. Note that Ti = / ' M^tj:) v = l ^ =a '. As ^ is a Frechet-Stein algebra, from the decomposition (1.1) of 
the ideal (tj?) we obtain an isomorphism 

j : £+/a+tj: ^ aiKfrMur)) * n &t/WQ))- ( 3 - 4 ) 

n>l 

The operator ^ induces maps t/> : ^+/([tt]^-(u^)) -> ^+/M+ujr and ^„ : ^£/(<p£(Q)) -> ^t/iVq' 1 (Q)), 
n > 1. Thus jd^/^tjr)^ 1 '^ ) is exactly the subset 

{fo»)»>o : yo e (^+/([7rM^))) r >o(yo) = o, y„ e (^+/(^(Q))) r ,Vn(y„) = o Vn > 1} 

of ^+/([tt]^(^)) x n^x/^w)). 

If 77, > 1, then £%p/(p™(Q) is a finite extension of F and the action of T factors through the whole Galois 
group of this extension. Thus (^/(^ l (Q))) r = F and (^+/(^™(Q))) r = L. Since ^ n (a) = a for any a G L, 
(<%+/(^(Q))) T n kcr(7^ n ) - for any n > 1. Similarly (^+/(brM^))) r = (^+/(7t^)) r x (^+/(Q)) r is 
2-dimensional over L. As V'o(l) = 1 an d the image oiipo, i.e. if^/^^Ttjr, is 1-dimensional over L, the kernel of 



' ! /'ol(^+/([ T ]^( u ^)))r is of dimension 1. It follows that T\ = / BS^tj:) 1 '^~ Q is of dimension 1. □ 
Corollary 3.18. dim L Si = 1. 

Proof. The map V injects Si into Ti with image of dimensional 1. □ 
Remark 3.19. If z G Ti is non-zero, then any lifting z G of z is not in u^M^ or equivalently z| ujr= o 7^ 0. 



We only need to verify this for the special Lubin-Tate group. In this case, /([w]jr(uj^)) = ©?_ Tujr. We 
have / {{ir\r{ujr))) T = L © LUjT . Indeed, an element of / {[ir]jr(ujr)) is fixed by T if and only if it is 
fixed by the operators z 1— > cr^(z) with £ G /Jq-i; but <7{(t7.f) = [£]jr(7ijr) = £ujr and so cr^w^r) = S, l Ujr for any 

7 G N. Then (^/([7r]^(^))) r=1 ^ = ° = L ■ (u^ 1 - (1 - ?)*/?). 

Proposition 3.20. Tbr any 5 G J^ an (T), dim^ Ss = dinar, T5 = 1 and i/ie map V5 is an isomorphism. 

Proof. This follows from Corollary 3.14, Lemma 3.16, Lemma 3.17 and Corollary 3.18. □ 

4 Cohomology theories for (cp q , r)-modules 

For a ((p q , r)-module D over the ((p q , r)-module structure induces an action of the semi-group G + := ^JxT 
on D. Following [13] we define H'(D) as the cohomology of the semi-group G + . Let C'(G + , D) be the complex 

^C°{G+,D)^^C 1 {G + ,D)^-^--- , 
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where G°(G + , A) = A, C n (G + ,D) for n > 1 is the set of continuous functions from (G + ) n to A, and d n +i is 
the differential 

n-l 

d n+1 c(g , ■ ■ ■ ,g n ) = g ■ c(g 1 , ■ ■ ■ ,g n ) + ^(-l) I+1 c(g , • • ■ ,9i9i+\, • • ■ 9n) + (-l)" +1 c(ffo, • • , 5n-i)- 

»=i 

Then iP(A) = H l (C (G+ , D)). 

If Z?i and Z?2 are two (ip q , r)-modules over Ml, we use Ext(Ai, A2) to denote the set, in fact an L-vector 
space, of extensions of D\ by A2 in the category of (ip q , r)-modules over Ml- 

We construct a natural map Q D : YxX(Ml,D) — > if 1 (A) for any (ip q , r)-module A. Let A be an extension 
of Ml by A. Let e 6 be a lifting of 1 € ^l- Then # h-> _g(e) — e, g G G + , is a 1-cocycle, and induces an 
element of H 1 (D) independent of the choice of e. Thus we obtain the desired map 

Q D : Ext(M L ,D) -> ff^fl). 

Proposition 4.1. For any ((p q ,T) -module A over Ml, Q d is an isomorphism. 

Proof. Let A be an extension of Ml by fl in the category of (ip q , r)-modulcs whose image under Q D is zero. 
Let e G fl be a lifting of 1 G As the image of g M> </(e) — e, 5 G G + , in iA(A) is zero, there exists 

some d G fl such that (,g - l)e = (g - l)d for all g G G+. Then #(e — d) = e — d for all g G G + . Thus 
fl = fl ©^i(e — d) as a (y> 9 , r)-module. This proves the injectivity of . Next we prove the surjectivity of 
Q D . Given a 1-cocycle g \-> c(g) G fl, correspondingly we can extend the ((f q , r)-module structure on fl to the 
^i-module fl = fl M.Le such that f q (e) = e + c(<p q ) and 7(e) = e + 0(7) for 7 G L. □ 

If fli and A2 are two O^-analytic ((p q , r)-modules over Ml, we use Ext a n(Ai, A2) to denote the i-vector 
space of extensions of fli by fl2 in the category of Oi?-analytic ((p q , r)-modules over Ml- We will introduce 
another cohomology theory H* n {—), wherein for any 0^-analytic (ip q , r)-modulc fl the first cohomology group 
Hl n (D) coincides with Ext an (^ L , A). 

If fl is Op-analytic, we consider the following complex 

G^ V (A): ^ D ^±D®D^^D -0, 

where /1 : fl — > fl © fl is the map m H> ((ip q — l)m, Vm) and : fl © fl — > fl is (m, n) i-> Vm — — l)n. 
As /1 and /2 are T-equivariant, T acts on the cohomology groups v(^) := vC^))' * — 0: 1, 2. Put 

HUD) := J?^ iV (fl) r . 

By a simple calculation we obtain 

/d°(fl) = if° n (A) = fl^=i,r=i 

Note that D Vq=1 is finite dimensional over L, and so is H°(D). If fl is etale and if V is the L-linear Galois 
representation of Gf attached to fl, then 

H°(D) = H° aD (D) = H°(G F ,V) = V G -. 

For our convenience we introduce some notations. Put V (A) := ker(/2) and B 1 {D) := im(/i). For any 
(mi, n,i) and (m-2, n.2) in ^(D), we write (mi, rii) ~ (7712, n.2) if (mi — m2, rii — 712) <£ B 1 (D). Put 

Z 1 (D) := {(m, n) G ^(D) : (m,n) ~ 7(m, n) for any 7 G T}. 

Then H^D) = Z 1 (D)/B 1 (D). 

Let A be an O^-analytic extension of by A. Let e e fl be a lifting of 1 G ^l- Then ((ip q — l)e, V^e) 
belongs to Z 1 (D) and induces an element of Hl n (D) independent of the choice of e. In this way we obtain a 
map 

ef^ExtanO^A^ifl^A). 
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Theorem 4.2. (= Theorem 0.1) For any Op-analytic (tp q ,Y)-module D over Ml, ©f^ is an isomorphism. 
The proof below is due to the referee and much simpler than the proof in our original version. 

Proof. First we show that 0£, is injective. Let D be an Op-analytic extension of Ml by D whose image under 
is zero. Let e G D be a lifting of 1 G Ml- As the image of ((ip q — l)e, V^e) in y(D) is zero, there 

exists some d G D such that (ip q — l)e = (ip q — l)d and Vjje = V^d. Then e — d is in D Vq=1 ^ =0 . The F-action 

on D^<3 =1 ' V=0 is locally constant and thus is semisimple. So 1 6 Ml has a lifting e' £ D^<j =1 > v = fixed by F. 

This proves the injectivity of Q® n . 

Next we prove the surjectivity of 9^. 

Let z be in H^ n (D) and let (x,y) represent z, so that Va; = {ip q — l)y. The invariance of z by Y ensures 
the existence of y a G D for each a G T such that (cr — l)(x, y) = ((</? g — Y)y a , As is unique up to an 

element of D^<j =1 ' V =°. the 2-cocycle y a . T = Hot — o~Vt — Va takes values in £)^9 =1 > v=0 . If z = 0, then there 
exists a E D such that a; = (<£> g — l)a and y = Va. We have V(y a — (cr — l)a) = 0. In other words, we can write 
Va = (o~ — l)a + a a with a a 6 £)^<!= 1 ^ v = . Then j/^,- = a CTT — aa T — a a and thus y %t% is a coboundary. So we 
obtain a map ^(D) -> H 2 (F, £)^ =1 ' v=0 ). 

We will show that the image of z by this map is zero. Fix a basis {ei, • • • , e^} of D over Ml- Let r > 
be sufficiently small such that the matrices of tp q and a G F relative to {ej}^ =1 are all in GL d (<4 ' r1 )- Put 
D ]o,r] = & d^]o,r\ e .. jf s g r] put L>[ s ' r ] = e^U^j 8 ''" 1 ^ Then Z?'°' r ] and L>[ s ' r J are stable by Y. As the 
matrix of <p q is invertible in M^^ 0,1 *'), {Vg( e i)}f=i i s a l so a basis of Z?l°' r l. Shrinking 7' if necessarily we may 
assume that ip q maps Z)[ s ' r J to £)[ s /<2>'79] ; wc m ay a l so suppose that x and y arc in D^ 0,T \ and that g c?] '^. 
By the relation V = ?j;r<9 on S L s ' r \ Lemma 2.10 and the fact that V is a differential operator i.e. satisfies a 
relation similar to (1.2), we can show that the action of Y induces a bounded infinitesimal action V on the 
Banach space D^ s ' r \ We leave this to the reader. Let us denote £(a) = log(xjr(cr)). For a close enough to 1 
(depending on D and s, r) the series of operators 

converges on £)[ s - r l and also on £)[ s /<?> , 79] _ Note that, for a close enough to 1 we have a = exp(£(cr)V) on 
£)[s/q,r/q]_ p/ ^ e an p en subgroup of Y such that for a G Y' the above two facts hold. Then for a G Y' wc 
have 

fo>, - l)(^(^)y) - £(<r)(p« - 1)1/ = E(a)Vx = V£(ff)a = (cr - l)x. (4.1) 

Note that <p q {E{o)y) is in £>[ S /Wg]. So by (4.1) we have E(a)y G D^/ q ' r /^ n L> [s < r] = L>[ s /«> r ] if s is chosen 
such that s < r/q. Doing this repeatedly we will obtain E(o)y G Z?l°' r J. Taking y a = E(a)y for cr G T' we will 
have y a>r = for cr, r G T'. In other words, the restriction to Y' of the image of z in H 2 (Y, D Vq=1 ^ =0 ) is 0. 
Since T/r' is finite and D Vq=1 ^ =0 is a Q-vector space, the image of z is itself 0. So we can modify y a by an 
element of £)V9=i,v=o so ^ na ^ ^ ^ j s identically 0. But this means that (cr — Y)y r = (r — l)j/ CTJ 80 the 1-cocycle 
(/5q i — y X) o~ i — ^ j/cr defines an element of iJ 1 (D) hence also an extension of Ml by D. 

We will show that the resulting extension in fact belongs to Ext^^L, D). As Y is locally constant on 
£)v,=i,v=o^ shrinking T' if necessary we may assume that Y' acts trivially on D Vq=l v=0 . Then a h-> y CT — E(a)y 
is a continuous homomorphism from T' to £)V q =i-V=o p«j t e an y homomorphism from T' to D¥ , <j= 1 ' V=0 
can be extended to Y. Thus y a - E{a)y = X(a) for some A G Hom(r, D^« =1 ' v = ) and all a G T'. If S is a set 
of representatives of Y/Y' in Y, the map T$ = p.p^ Acres' 7 ^ s ^ e identity on H* n (D) and a projection from 
£)v ? =i,v=o -|- ffO^jjy^ moreover it commutes with cp q , V and F. This means that we can apply T5 to (x,y) and 
y a ; then we have y„ — E(a)y = A(cr) for some A G Hom(r, H° (£))) and all cr G T'. As <r ^ E(a)y is analytic, 
the extension in question is Op-analytic. □ 

As above, let Hom(r, H°(D)) be the set of homomorphisms of groups from F to H°(D). A homomorphism 
h : Y — s> H°(D) is said to be locally analytic if h(exp(aj3)) = ah(exp(/3)) for all a G Of and /3 G Lier. Let 
Hom an (F, H°(D)) be the subset of Hom(F, H°(D)) consisting of locally analytic homomorphisms. 
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Note that we have natural injections 

Hom an (r, H°(D)) -» Ext an (^ L , L>) and Hom(r, H°(D)) -)• Ext 1 ^, D). 
Theorem 4.3. Assume that D is an Op-analytic (ip q ,T)-module over & p. Then we have an exact sequence 

^Horn an (r,# (D)) Hom(r, H°(D)) © Extl n (M L , D) ^ Ext 1 ^, D) »- 0. 

For the proof we introduce an auxiliary cohomology theory. Let 7 be an element of T of infinite order, i.e. 
IosCxfCt)) 0. We consider the complex 

CJ ei7 (D): 9 XD®D-^^D ^0, 

where gi : D — > D®D is the map m t— > ((ip q — l)m, (7—1)771) and (72 : D®D — > D is (to, n,) t— >• (7— l)m— (<^q — l)n. 
As gi and g 2 arc T-cquivariant, T acts on H^^D) := H^C'^D)), i = 0, 1,2. Put Hl ny (D) := H'^ ^Df. 
A simple calculation shows that iJ an 7 (D) = H® n (D). 

For any 7 £ T we use (7) to denote the closed subgroup of T topologically generated by 7. If 7 is of infinite 
order and if D is an .^-module together with a scmilincar (7)-action, let V 7 be the operator on D that can be 

written as lim i g°y^ 7 ( 7 ')) formally, where 7' runs through all elements of {7) with logxjr^') ^ 0. (For a precise 

7' 

definition we only need to imitate the definition of V.) 

Let D be an 0F-analytic extension of Ml by D. Let e £ D be a lifting of 1 € Ml- Then ((y> g — l)e, (7— l)e) 
induces an element of H 1 (D) independent of the choice of e. This yields a map 6^ i7 : Ext an (.^L, D) — > 
i? an y(D). Given an element of ZJ an 7 (D), we can attach to it an extension D of Ml by D in the category of 

free if^-modules of finite rank together with semilinear actions of ip q and (7). Let e 6 D be a lifting of 1 G Ml- 
Then (Upq — l)e, V 7 e) belongs to Z 1 (D) and induces an element of H^ n (D) independent of the choice of e. 
This gives a map T an : Zf an 7 (D) —> Hl n (D). Observe that o 6^ 7 = 0^. By an argument similar to 

the proof of the injectivity of 0^, we can show that both and 7 are injective. Hence it follows from 

Theorem 4.2 that 0^ 7 and T^ 7 are isomorphisms. 

If c is a 1-cocycle representing an element z of H 1 (D), then (c(f q ) 7 c(j)) induces an element in H 1 (D) 
which only depends on z. This yields a map : H 1 (D) -t Hl nj (D). Hence, 0f n/y : Ext an (M L , D) -> H^ y (D) 
extends to a map Ex%(Ml, D) — > iJ an7 (D), which will also be denoted by Q an7 - We have the following 
commutative diagram 

Ext(M L ,D)-^- — s~ H 1 (D) (4.2) 

Ext an (ML,D)-^Hl nn (D). 

The composition (0^ 7 -i) _1 ° o Q D is a projection from ExX,(Ml-, D) to Ext an (>^L, D), which depends on 
7- 

Proof of Theorem J^.3. The only nontrivial thing to be proved is the surjectivity of Hom(r, H (D)) © 
Ext an (,^L, D) — > Ext (Ml, D)- Let _D be in Ext 1 (Ml, D). Without loss of generality we may assume that 
the image of D by the projection (0^ 7 -i) _1 o T 7 o 0^ is zero. Let e 6 D be a lifting of 1 6 Ml- Then let c be 
the 1-cocycle defined by ip q M> (ip q — l)e, er h-> (a — l)e for er G T, so that c, the class of c in H 1 (D), corresponds 
to D. So the image of c by the map is zero. This means that there exists d <E D such that (ip q — l)d = c((p q ) 
and (7 — l)d = 0(7). Replacing e by e — d, we may assume that c(ip q ) = c(j) = 0. Then for any <r S T, we 
have (<p 9 - l)c(cr) = (cr - l)c(tp q ) = and (7 - l)c(er) = (u - 1)0(7) = °- Tnis means that c(<r) £ D*'ii= 1 »t=i. 
Note that A/ := D^« =1 'T =1 is of finite rank over i. We write M = H°(D) © ffijMj as a T-module, where each 
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of Mj is an irreducible r-module. Write c = c' + ■ Cj by this decomposition. Observe that c! and Cj are all 
1-cocycles. As Mj is irreducible and the T-action on Mj is nontrivial, there exists some 7j G T such that jj — 1 
is invcrtible on Mj. Then there exists rrij G Mj such that Cj(jj) — (p/j — l)mj. A simple calculation shows that 
Cj(fj) = (cr — for all a G I\ Replacing e by e — mj, we may assume that c = c'. Then c(iy9 9 ) = and 

c|r is a homomorphism from T to H°(D). □ 

Corollary 4.4. (^Theorem 0.2) Ext an {M L ,D) is of codimension ([F : Q p ] - 1) dirnx H° (D) in Ext(,^L, D). 
In particular, if H Q (D) = 0, then Ext a n(^L,£ ) ) = Ext(^L,£>); in other words, all extensions of 8%l by D are 
Of -analytic. 

Proof. This follows from Theorem 4.3 and the equalities dim^ Hom(r, H°(D)) = [F : Q p ] dim^ H°(D) and 
dim L Hom an (r,i7°(D)) = dim L H°(D). □ 



5 Computation of Hl n (5) and H 1 (S) 

In the case of F = Q p , Colmez [!)] computed H 1 for not necessarily etalc (cp, r)-modules of rank 1 over the 
Robba ring. In this case, Liu [20] computed H 2 for this kind of (tp, r)-modules, and used it and Cohnez's 
result to build analogues, for not necessarily etale (<p, r)-modules over the Robba ring, of the Eulcr-Poincare 
characteristic formula and Tate local duality. Later, Chenevier [5] obtained the Eulcr-Poincare characteristic 
formula for families of trianguline (cp, r)-modules and some related results. 

In this section we compute H^(6) = HU& L {5)) (for 6 G A„(i)) and H^S) = H 1 ^^)) (for 6 G J{Vj) 
following Colmcz's approach. In Sections 5.2 and 5.5 we assume that 5 is in ^(L), and in Sections 5.3, 5.4 and 
5.6 we assume that S is in y an (L). 



5.1 Preliminary lemmas 

Lemma 5.1. (a) If a G L x is not of the form , i G N, then aip q — 1 : — ¥ ,<Z£~^ is an isomorphism. 

(b) // a = with i G N, then the kernel of oup q — 1 : — > is L ■ t % jr, and a G is in the image of 
aip q — 1 if and only if d l a\ U:F= o = 0. Further, aip q — 1 is bijective on the subset {a G ■ 9 l a\ U:F= Q = 0}. 

Proof. The argument is similar to the proof of [9, Lemma A.l]. If k > — v^{a), then — X)rS)( a( P<?)™ is the 
continuous inverse of aip q — 1 on u^M^. The assertions follows from the fact that = (B^qL ■ tjr © u^M^ 
and the formula ipqft^) = 7r 4 ^- We just need to remark that d l a\ U:F= o = if and only if a is in (B^Z^Lt^ © 
u^Mt. □ 

Lemma 5.2. // a G L satisfies v v (a) < 1 — ^(q), then for any b G S]^ there exists c G <§\ such that 
b' = b- (a<p q - l)c is in (^l) 4 '=" . 

Proof. By Proposition 2.4 (d), c = J^iS ct~ k ^p k {b) is convergent in S^. It is easy to check that ac—if>(c) — ip(b), 

which proves the lemma. □ 

Corollary 5.3. If a E L satisfies v^(a) < 1 — v n (q), then for any b G £%l there exists c G £%l such that 
b' = b- (ap q - l)c is in (^)^ =0 . 

Proof. Let k be an integer > — v-n(ct). By Lemma 5.1, there exists c\ G £$l such that b — (atp q — l)ci is of the 
form X)i<fc a i u% T ano - thus is in S^ L . Then we apply Lemma 5.2. □ 

Lemma 5.4. If a <E L satisfies v 1l (a) < 1 — v n (q), and if z G £%l satisfies ip(z) — az G S?,^ , then z G Stt- 

Proof. Write z in the form X)fcGz afcU J r anc ^ P u ^ V = Eak-i a fc u j^ £ If V 7^ 0; multiplying z by a scalar in 
L we may suppose that inffe<_i v p (ak) = 0. Then 

y - a.- l ip(y) = Q^faz - ip(z)) + afc(a"V(^) - u%) 

k>0 
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belongs to O g \ n = Ol[[uj^]\. But this is a contradiction since y — a l ip(y) = y mod it. Hence y = 0. □ 
Corollary 5.5. If a G L satisfies v 7T (a) < 1 — v 7T (q), and if z G ^j, satisfies (aip„ — l)z G M^~ a , £/ien z is m 

Proof. We have ^>(z) = t/>(z — a^ g (^)) = 0. Then we apply Lemma 5.4. □ 

5.2 Computation of #°(<5) 

Recall that, if 5 € / a „(L), then ff° n (£) = H°(5). 
Proposition 5.6. Let 8 be in J? (Li). 

(a) If 8 is not of the form x~ % with ieN, then H°(S) = 0. 

(b) IfieN, then H Q (x~ i ) = Lty 

Proof. Observe that Ml ($)*« = l = (Ml) s ^" =1 -e s = 0, where Ml (8) = M L (8)/M^ (8) . Thus M L (8) v ^ r=l = 
M\(SY^ X - V=1 . If <5(7r) is not of the form 7r _i with i G N, by Lemma 5.1 (a) we have M^(8) v " =1 = and so 
^+(5)^ =1 ' r=1 = 0. If 5(tt) = 7T- 4 , then 

•*lW -{Lt T e s ) -| Q otherwise, 

as desired. □ 

Corollary 5.7. I/<$i and are two different characters in J? (Li), then Ml(8\) is not isomorphic to Ml(8%). 

Proof. We only need to show that Ml(8\8^ 1 ) is not isomorphic to Ml- By Proposition 5.6, Ml^iS^ 1 ) is not 
generated by H Q (8\8^ X ), but Ml is generated by H°(l). Thus Ml(8\8^ x ) is not isomorphic to Ml- □ 

5.3 Computation of H^S) for 8 G J^a, n (L) with v w (6(tt)) < 1 - v w (q) 
Until the end of Section 5 we will write Ml(S) by Ml with the twisted (ip q , r)-action given by 

<Pq;s(x) = 6(Tr)f q (x), o- a . s (x) = 8(a)o- a (x). 

Recall that Vs = tj^d + wg. Write S(a a ) = 8(a). 

Lemma 5.8. Suppose that 8 G ^a,n(L) satisfies v- K (S(ir)) < 1 — v 1T (q). For any (a,b) G Z x v (<5), there exists 
(m,n) G y(S) with m G (#2)^ =0 flftd w G <S?J such that (a,b) ~ (m,n). 

Proof. As iv(<5(t!")) < 1— v v (q), by Corollary 5.3 there exists c G such that m = a—(8(ir)ip q — l)c is in ($^Y' =0 . 
Put 7i = b — V^c. Then (771,71) is in y(^) ano - ( m > n ) ~ ( a ?b). As (8(ir)ipq — l)n = W$m = tjrdm + 10,5771 is 



by Corollary 5.5, 71 is in □ 



Lemma 5.9. Suppose that v T (8(ir)) < 1 — v v (q) and 8 is not of the form x l . Let (m, n) be in Z^ v (<5) with 

m G (S'l)^' =0 an d n ^ • Then (m, n) is in B x (8) if and only if 

• m G (<^y =0 when 8(tt) is not of the form 7r~ 4 , i G N; 

• 711 G (S^)^ =0 and d % m\ U:F= Q = when 6(ir) = n~ l and ws 7^ —i for some i G N. 

• 711 G ((o^)^ and d i m\ u - F= o = d' l n\ u - F =o = when 8(tt) = 7r -4 and ws = —i for some i G N. 
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Proof. We only prove the assertion for the case that 8(tt) = ir~ l and w$ 7^ —i for some ieR The arguments 
for the other two cases are similar. 

If (m,n) is in B 1 ^), then there exists z £ &l such that (8(jr)tp q — l)z = m and V52; = n. Since m is in 
^^ _0 , by Corollary 5.5 we have z £ Si\. It follows that m is in (~l S^ L = ■ By Lemma 5.1 (b), we have 
d z m\ U:F= o = 0. 

Now we assume that m is in £^ and d z m\ UT —o = 0. By Lemma 5.1 (b), there exists z £ 3%^ with 
Q 1 z\ U:f= q = such that (6(Tr)ip q — l)z = m. Then (S(ir)ip q — l)(VsZ — n) = \7s(8(ir)tp q — l)z — (6(Tt)(p q — l)n = 

X7$m — (6(ir)(fq — l)n = 0. Again by Lemma 5.1 (b), we have V^z — n = ct i - F for some c £ L. Put z' = z — ^g+i • 
Then (S(Tr)tp q — \)z' = in and Vaz' = n. Hence (m, n) is in B 1 (<5). □ 

Recall that S s = ^l(5) r=l ^=° . 

Proposition 5.10. Suppose that 1^(8(71)) < 1 — v v {q). 

(a) If 5 is not of the form x~ % , then H^ n (S) is isomorphic to the L-vector space Sg and is 1- dimensional. 

(b) If 8 = x~ % , then H^ n (8) is 2- dimensional over L and is generated by the images of (tjr,0) and (0,^). 

Proof. For (a) we only consider the case that 6(tt) = tt~' 1 and w$ = —i for some i G N. The arguments for the 
other cases are similar. As 6 7^ x~ l , there exists an element 71 G T of infinite order such that (5 (71) 7^ X^Cti) - *- 

We give two useful facts: for any z £ 9 l z\ U:F —o = if and only if 9 l (<5(7i)7i — l)z| Ujr=0 = 0; if 

d l z\ UT —Q = 0, then d t (5( , j)^ — l)z\ U:F —o = for any 7 £ T. Both of these two facts follow from Lemma 5.1 (b). 
We will use them freely below. 

Let (m, n) be in Z x {5) with m £ (^)^ =0 and n £ 0t[. For any 7 £ T, since 7(m, n) — (m, n) £ B 1 (5), by 
Lemma 5.9, (£(7)7 — l)m is in . i.e. the image of m in SS^iS) belongs to Ss- 

We will show that, for any m £ Ss, there exists a lifting m £ (^)^ =0 of m such that <9* (15(7)7— l)m|„^ = o = 
for all 7 G r. Let ml £ {£'l)'^ =0 be an arbitrary lifting of rh. Assume that <9 l (£(7i)7i — l)m'\ u ^=o = c - 
Put in = in' - h s^^xAnY-i - Then 9 *(£(7i)7i - l)™|«^=o = and thus d l \7 s m\ u ^ = o = 0. Hence, by 
Lemma 5.1 (b) there exists n £ with d l n\ U:F= o — such that (6(n)ip g — l)n = V^m. This means that 
(m, n) £ Zl q V {8). For any 7 G T, as #($(71)71 - 1)^(7)7- lH^=o = 5 i (<5( 7 ) 7 - l)(£( 7 ihi - l)m| Ujr =o = 0, 
we have <9 l (<5(7)7 — l)m| u ^ =0 = 0. In a word, for any 7 e T, (£(7)7 — l)m is in S%~£ and d l (S(j)j — l)m\ U:F= o = 
~ l) n l«jr=o = 0. This means that 7(771, n) — (m, n) is in B 1 ^) for any 7 6 T. In other words, (m, n) is 

in Z 1 ^). 

Now let (mi,ni) and (m2,?i2) be two elements of Z 1 (8) with mi,m 2 £ (^)' / ' =0 and ni,n 2 £ Sfi^. By 
Lemma 5.9, 

(<J(7i)7i ~ l)wi| U:F =o = ^(£(71)71 - l)m 2 | Uj ,=o = 9 l (J(7i)7i - l)ni| u ^. =0 = ^(£(71)71 - l)n 2 \ UT =o = 0. 
Suppose that the image of mi in Sa coincides with that of m2, which implies that mi — m2 € <^~. From 
9* (£(7i)7i ~ ~ m 2 )\ u ^=o = 3 l (£(7i)7i - l)(m - "2)^=0 = 

we obtain d l {m\ — m2)\ u ^=o = 9*(rii — ^2)|u^-=o = 0. This means that (mi,rii) ~ (mi,ni). 

Combining all of the above discussions, we obtain an isomorphism Ss — > H^ n (S). Then by Proposition 
3.20, dim L Hl n {8) = dim L S s = 1. 

Next we prove (b). Again let (m, n) be in Z 1 (8) with m £ (<^)^ =0 and n g Then the image of m in 
^jj(5), denoted by m, is in Ss- We show that m in fact belongs to (^^)^' =0 , i.e. m = 0. By Corollary 3.15, 
d l : 5,5 — > S 1 ! is an isomorphism. So we only need to prove that the image of d l m in S\ is zero. By Remark 
3.19, it suffices to show that Wd' l m\ U:F= o = 0. But \7d i m = d l \7sm. Since V^m = (8(Tr)(p q — l)n, by Lemma 
5.1 (b) we have d l X? sm\ U j.=v = 0. 

Write m = at l jr + m! with a £ L and m' G .^"^ satisfying 9 l m'| Ujr= o = 0. By Lemma 5.1 (b) there 
exists z £ Sft^ such that (5(7r)<p q — l)z = ml . Then (m, n) ~ (atjr,n — Vsz). Thus we may suppose that 
m = atjr. Then (8(Tr)ip q — l)n = Va(aijr) = 0. So, by Lemma 5.1 (b), we have n = bty for some b £ L. 
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Suppose (atjr,btjr) is in B 1 (S). Then there exists z £ S^l such that (5(ir)y> q — l)z = atjr and V^z = btjr. So 
^(z) — 5(ir)z = ip((l — 5(ir)ip q )z) = atjr) £ St^. By Lemma 5.4 we get z £ @t[. By Lemma 5.1 (b) again 
we have a = and z £ Lt 1 ^. Then bt l jr — V$z = 0. □ 

5.4 5 : H^(x^5) flj^*) and 9 : fl^aT 1 *) ^(5) 

Observe that, if (m, n) is in Z* jV (a; _1 <J) (resp. _B 1 (x~ 1 <5)) ! then (dm,dn) is in Z* v (5) (rcsp. 

Thus we have a map d : B\ y(:n _1 o") — > H'h y(S). Further, the map is T-equivariant and it induces a map 

d : HlXx-H) -> ^(S). 

Put Z^ v ((5) := {(m,n) 6 Z£ e)V (£) : Res(m) = Res(n) = 0} and B 1 (6) := {(m,n) £ B 1 (d) : Res(m) = 
Rcs(n) = Of Then H^ y (S) := Z^ v {8) / B^ v (5) is a subspace of H^ V (S). 

Lemma 5.11. If 6 (it) 7^ ir/q or w$ 7^ \, then for any (m,n) £ Z* v (o"), there exists (mi,ni) £ Z* v (<5) such 
that (m,n) ~ (mi,ni), and so i/^ >v (5) = H^ v (5). 

Proof. Let (m, n) be in Z* v (<5). Then V^m = (<5(7r)(^ ? — l)n. If o~(7r) 7^ 2L, by Proposition 2.13 and the 
definition of Res we have 

Res(m - (5(Tr)(p q - l)(Res(m) Jjfi^fz \) Uj ) ) = °" 

Replacing (m, n) by 

/ dt. F \-l / dtj- \-l 

(m - - i)(R flB ( wl )^_^_ 5 _) jn _ V^ResCm)^-^-^)), 

we may assume that Rcs(m) = 0. Then 
(-<5(tt) - l)Res(n) = Res(((5(7r)<^„ - l)n) = Res(V 5 m) = Rcs(9(^m) + (w 5 - l)m) = (w s - l)Res(m) = 0, 

IT 

and so Res(n) = 0. 

The argument for the case of ws 7^ 1 is similar. □ 
As Res o d = 0, the map d : H^^x^S) ->• H l VqV (5) factors through d : H^^x^S) -4 ff£ a)V 0*)- 
Lemma 5.12. (a) If 8(ir) ^ tt or ws 7^ 1, i/ien 9 : if^, v (x _1 <5) — > v (5) is surjective. 
(b) If 5 (it) = it and ws = 1, £/ien we /iawe an exact sequence of Y -modules 

Proof. Let (m,n) be in Z^, v (o"). Then there exist m' and n' such that 9m' = m and cm' = n. Then 
Vj-ijm' — (71" <J(7r)<p q — l)n' = c is in L. If <5(7r) 7^ it, we replace n' by n' + 7r „ 1<5 ^ 7r ^_ 1 . If ws 7^ 1, we 
replace ml by m' — w c _ 1 . Then (m',n') is in Z£ y(ai _1 o"). This proves (a). When <5(7r) = 7r and ws = 1, 
Vm' — (<p g — 1)72' docs not depend on the choice of ml and n'. This induces a map ff^ v ((5) — > L whose kernel 
is exactly dH^ ^(x~ 1 S). We show that v (<5) — > i is surjective. Put ml = log y ^"^- > . A simple calculation 
shows that 

Vm' = ( ^ , j 7r ^(y) _ q l -^)du T = (1 - q) mod n^+. 

Thus by Lemma 5.1 (b) there exists n' £ upfflt such that (<p q — l)n' = Vm' — (1 — q). Put m = dm' and 
n = dn'. Then (m, n) is in Z^ v (5) whose image in L is nonzero. The T-action on V (S) induces an action 
on L. From 

(8(a)a a (m),5(a)<7a(n)) = (d(a~ 1 S(a)a a (m')),d(a~ 1 5(a)a a (n'))) 



20 



and 

V(a^ 1 8(a)a a (m')) - (tp q - l)(a~ 1 S(a)a a (n')) = a^ 1 8(a)a a (Vm' - (ip q - l)ri) = a~ 1 8(a)(l - q) mod u^M^ 

we see that the induced action comes from the character x~ 1 8. □ 
Sublemma 5.13. Let a, b be in L. If (a, b) is in Z* v (a; -1 <5) but not in B (x 8), then S(ir) = ir and wg = 1. 

Proof. If 8(ir) ± ft, then (a, b) - (0, 6 - ^-Yfc^ o). So 

(Tr- 1 ^) - 1)(6 - J;-\ S a) = (tt-^Ctt)^ - 1)(6 - =- o) = 0. 

7T ^(tt) — 1 ft i O(7T) — 1 

As 8(ft) ^ 7r, we have 6 — ;prf7~fa; a = 0. Similarly, if wg ^= 1, then (a, 6) 6 Z^ v (x~ 1 8) if and only if 
(o,6)~(0,0). □ 

Recall that <5 unr is the character of F x such that 8 unT (ft) = q -1 and 8 unl \ x = 1. 
Sublemma 5.14. (| log , t - z ^ir- ) induces a nonzero element of Hl D (S unr ). 

Proof. Write (m,n) = (| log Note that m = (<5 unr (7r)^ - l)logw^ and n = Vlogur. Thus 

(m, n) is in Z* v(^unr)- For any 7 6 T we have 7(771, n) ~ (777,71). Indeed, 7(7*7,71) — (777,77) = ((8 nliI (ft)if q — 

1) log 7 ^ r ' > , V log 7 ^f' > )■ So (777,77) is in Z 1 (i5 unr ). We show that (777,77) is not in B 1 (8 unl ). Otherwise there 
exists z £ &l such that m = (8 unl (ft)(f q — l)z and 77 = Vz. This will implies that V(logitjF - z) = or 
equivalently \ogujr — z is in L, a contradiction. □ 

Corollary 5.15. If 8(ft) = ft/q andwg = l, then (Mog , jsmZ^ v O~ 1(5 ) but not in B^x^S). 

Lemma 5.16. (a) If 8(ir) ^ ft, ft/q or if wg ^ 1, then d : v (x _1 i5) — > -ff* v (<5) is injective. 

(b) If 8 (ft) = ft and = 1, i/ien ?ue have an exact sequence of Y -modules 

^ L {x-H) © L{x-H) > H^ix-H) Hl q y{5). 

(c) If If 5 (tv) = I q and Wg = 1, then we have an exact sequence ofT-modules 

. L (x-'5) H^ y {x-H) 5; !V (5). 

Proof. Let (m,n) be in Z* v (x _1 <5), and suppose that (dm,dn) £ B 1 ^). Let 2 be an element of 31 l such 
that (8 (ft) <f q — l)z = dm and Vgz = dn. If Res(z) = 0, then there exists z' £ £%l such that dz' = z. Then 
777 — (S(ft)ft^ 1 f q — l)z' and 77 — V x -igz' are in {(a, b) : a,b £ L}, i.e. (m, n) is in B 1 (x~ 1 8) © L(0, 1) © L(l, 0). 
If either 8(ft) ^ ^ or i/jj 7^ 1, we always have Res(z) = 0. Indeed, this follows from 

(8 (ft)- - l)Res(z) = Res((8(ft)ip q - l)z) = Res (dm) = 
ft 

and 

(wg — l)Rcs(z) = Rcs(d(tjrz) + (wg — l)z) = Res(Vsz) = Rcs(<9n) = 0. 

In the case of S(ft) = | and w 5 = 1, if z £ L^f, then (m, n) is in L(0, 1) © L(l, 0) © L(± log 

Now our lemma follows from Sublemma 5.13 and Corollary 5.15. □ 
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Proposition 5.17. (a) If 5(ir) ^ TT,Tr/q or if wg ^ 1, then d : v (x 6) — > v (<5) is an isomorphism 
of Y -modules. 

(b) If 5 (it) = 7r and wg = 1, then we have an exact sequence of Y -modules 

>. L{x-H) © L{x-H) Hl qy (x-H) H^ v (5) L(x~ 1 S) 0. 

(c) If S{w) = 7r / 'q and wg = 1, then we have an exact sequence ofY-modules 

* L {x-H) H^ix-H) H^ v (5) L(x~ 1 8) © L{x~H) 0. 

Proof. Assertions (a) and (b) follow from Lemma 5.11, Lemma 5.12 and Lemma 5.16. Based on these lemmas, 
for (c) we only need to show that, we have an exact sequence of L-modules 

H^ V (S) H^ V (S) L{x~H) © L{x-H) 0, 

where Res is induced by (to, n) i— > (Rcs(m), Res(n)) which is L-equivariant by Proposition 2.13. Here we prove 
this under the assumption that q is not a power of 7r. We will see in Section 5.6 that it also holds without this 
assumption. Put mi = l/up. Then V^mi = tj^d(l/ujr) + 1/ujr = d(tjr/ujr) is in 8%^- As q is not a power of n, 
the map ^<p q — 1 : — > is an isomorphism. Let m be the unique solution of (— (p q — l)ni = tjrdm\ + mi 
in 3%^. Then c\ = (mi,ni) is in V (S) and Res(mi,ni) = (1,0) ^ 0. For any £ G N we choose a root & of 
Qe = f q ~ 1 (Q)- For any f(ujr) £ the value of / at & is an element /(&) in L ®p F(. By (3.4) there exists 
an element z G whose value at £g is 1 ©log^. Put m 2 = t^ F 1 (q~ 1 tp q — l)(logwjr — z) and n 2 = d{\ogujr — z). 
Then (m^^n^) is in v (<5) and Rcs(n 2 ) = 1. □ 

Proposition 5.18. (a) If 5 ^ x, x5 unr , then d : Hl n (x~ 1 S) — > H^ n (6) is an isomorphism. 

(b) If 5 = x, then d : H? in (x~ 1 6) — > H* n (8) is zero, and dim/, H^ a (S) = 1. 

(c) If 5 = xS unl , then d : H} in (x~ 1 S) — > Hl n (5) is zero, and dim^ Hl a (8) = 2. 

Proof. We apply Proposition 5.17. There is nothing to prove for the case that 5(ir) ^ Tr,Tr/q or wg / 1. 
Combining the assertions in this case and Proposition 5.10 we obtain that dim/, Hl n (6 unl ) = 1. This fact is 
useful below. 

Next we consider the case of 8(tt) = ix j q and Wg = 1. The argument for the case of S(tt) = n and wg = 1 is 
similar. 

Let M be the image of d : v (x -1 <5) — s- v (x). Then we have two short exact sequences of Y- modules 
^ L(x~ 1 6) H^ y (x-H) M 

and 

M » H^ v (i) ^ L{x- l 8) © Lix^S) ^ 0. 

We will show that, taking T-invariants yields two exact sequences 

L(x" 1 (5) r HlXx^S) M r ^ 

and 

^ M r ^ Hl n (8) Mx-^f © L(x~ l S) T ^ 0. 

If we have that the T-actions on v (x~ 1 5) and v (i5) are semisimplc, then there is nothing to prove. 
However we will avoid this by an alternative argument. It suffices to prove the surjectivity of v (x _1 <5) r — > 



28 



M r and that of v (<5) r ->■ L(x- 1 S) r ffi L(x" 1 (5) r . The latter follows from the proof of Proposition 5.17. In 
fact, if S = x6 unT , then (mi,ni) and (7112,11,2) constructed there are in Z 1 (5). Now let c be any element of M T , 
then the preimage d~ 1 (Lc) is two dimensional over L and T-invariant. From the definition of v , we obtain 
that the induced V-action on <9 _1 (Lc) is zero and thus d~ 1 (Lc) is a semisimple F-module, as wanted. 

If S = x5 unl , then dim L L^Sf = dim L H^x^S) = 1, and so A/ r = 0. Thus d : H^x^S) -> #^((5) 
is zero and dimii?^ n ((5) = 2. If <5 ^ £<5 unr , then 9 : Hl n (x~ 1 5) —> JT^ n (<J) is an isomorphism since both 
■^anO*- -1 ^) — * anc ^ — * H&n(3) are isomorphisms. □ 



5.5 Dimension of if 1 ^) for 5 G ^(-k) 
Theorem 5.19. (= Theorem 0.3) Let 5 be in / an (L). 

(a) If 5 is not of the form x~ l with i £ N, or the form x l S unr with i £ Z + , then H^ n (6) and H 1 (S) are 
I -dimensional over L. 

(b) If S = a; 4 (5 unr with i £ Z+, t/ien H^ n (S) and H 1 (S) are 2-dimensional over L. 



(c) If 6 = x 1 with i £ N, i/ien H^ n (6) is 2-dimensional over L and H 1 (S) is (d + 1)- dimensional over L, 
where d — [F : Q p ] . 

Proof. The assertions for H* n (5) follow from Proposition 5.10 and Proposition 5.18. By Proposition 5.6 we have 

dim L ^ L (sr^' r=1 = { I { \i = x ~ l with 4 G N ' 

v ' [0 otherwise. 

So the assertions for H 1 (S) come from the assertions for Hl n (8) and Corollary 4.4. □ 

When S = x~ l with % £ N, i?an(^) i s generated by the classes of (fy, 0) and (0, tjr). Let (i = 1, • • • , d) 
be a basis of Hom(r, Ltj?). Then the class of the 1-cocycle cq with Co(f q ) = t l T and co|T = 0, and the classes 
of 1-cocycles q with Ci(ip q ) = and C[\T = pi (i = 1, • • • , d), form a basis of H 1 (5). 

Theorem 5.20. (=Theorem 0.4) If S £ is noi locally F -analytic, then H 1 (S) = 0. 

Proof. As the maps 7 — 1, 7 £ F, are null on H 1 (5), by definition of H , so are the maps dTgg L (s)(P), 
13 £ Lier, and the differences p-^ am {0) - p'^dT^^ip'). Note that p~ l dT m L {5){P) ~ P'^dV^s^p') 
are ^i-finear on &l(5). So /3 _1 dr^ i (,5)(/3) — /3 /_1 dr^ i (5)( / 5') are multiplications by scalars in L, since 
/3^ 1 dr^ L (5)(/3)e5 — /3 ,_1 dr^ i (,5) (P')es is in Les. If the intersection of their kernels is null, then the cohomology 
vanishes. Thus, either the intersection of their kernels is and so the cohomology vanishes, or they are all 
null and 6 is of form x n> x w for x close to 1 with w = l °i ^P for /3 close to 1 (i.e. 8 is locally F-analytic). □ 

Remark 5.21. Suppose that [F : Q p ] > 2. Let 6 ^ 1 be a character of F x with 5(ir) £ and let L(S) be 
the L-represcntation of Gf induced by S. Suppose that S ^ x 2 5 unl - when [F : Q p ] = 2. Combining Theorem 
5.19 and the Euler-Poincare characteristic formula [2G] we obtain that, there exist Galois representations in 
Ext(L, L(S)) that are not overconvergent. Theorem 5.20 tells us that, if further 6 is not locally analytic, then 
there is no nontrivial overconvergent extension of L by L(5). 

5.6 The maps t k : H\5) -> H\x- k S) and L k>sm : H^S) -> Hl n ( X - k 5) 
Let k be a positive integer. 
Proposition 5.22. Let 8 be in J^ an (I/). 

(a) Ifw s £{l-k,---, 0}, then H^(M L (d)/t^M L (8)) = 0. 

(b) If ws £ {1 — fc, • • • ,0}, then iJ° n (^ 'l{8) / 't^M is a 1-dimensional L-vector space. 
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Proof. We have M+/t%M+ = ^t/{u k F ) x n^Li &l / (<Pq~ l (Q)) k • As T-modules, ^£/(u$r) = ®*~oi*V and 
^t/( ( Pq(Q)) k = (BiZoiL^FFn)^. Thus as a T-module £g+/t^+ is isomorphic to (Bi^o(&t/&L t r)®LLt i J r. 
Note that the natural map /M^tjr ~^ &Ll&it% is surjective. Furthermore, two sequences (y n ) n >o and 
(z»)n>o in ^l/^u k j: x n^L 1 ^ , i/(^™" 1 ( ( 9)) fc have the same image in ^/^i^, if and only if there exists 
./V > such that y n = z„ when n > N. 

Since the action of T on [S^ /tj^M^tjr twisted by the character x~ % is smooth, (a) follows. 

For (b) we only need to consider the case of wg = and k = 1. The operator tp q induces an injection 
^l/(fq(Q)) ~* &i/('Pq +1 (Q)) which is denoted by y> 9i „. The action of <y3 g on M L /& L tjr is given by ip g (y n )„ = 
(tpq,n(yn))n+i- For any n > 0, the T-action on L ®p F„ factors through r/r n , and the resulting T/Y n - 
module L ®f F n is isomorphic to the regular one. Thus for any discrete character 8 of T, dinii(L ®f 
F n ) T=d — 1 when n is sufficiently large. Then from the fact that ip q . n (n > 1) are injective, we obtain 

dim L (fi/iA)'^'^*'" = 1. □ 
Corollary 5.23. Let 8 be in J? W (L). 

(a) Ifwsi {1, • • • , k}, then H a an {t~ r k <% L {8) / <% L {8)) = 0. 

(b) If w$ 6 {1, •• ■ , k}, then H^ n {t~^ k Mi J {8)/Mi J {8)) is a 1- dimensional L-vector space. 

Note that & L (x~ k S) is canonically isomorphic to t^ k M L (S). When k > 1, the inclusion ^ t^ k M L (8) 

induces maps tfe jan : £^(5) — > H^ n (x~ k 8) and tfe : 1 (<5) — >• H 1 (x~ k 8). If 7 G T is of infinite order, then we 
have the following commutative diagram 

#i(<5) ^iji^-fej) (5.1) 



Lemma 5.24. W^e ftaue t/ie following exact sequence 

-> i/ a ° n (5) ^ a ° n (x- fe 5) H^(Jt^ L (S)/^ L (S)) -> ^> Hi(x- fc 5). (5.2) 

Proof. From the short exact sequence — > ^l(<5) — > &L{x~ k 8) — > & L{x~ k 8) / 3?, l{8) — > we deduce an exact 
sequence 

-> <,vW ^ <,v(^) -> H° t>v fe k £ L (6)/ig L {S)) -> H^ V (S) -> ff^ v (.rt). (5.3) 

Being finite dimensional H^ q ^j{8) and H®^ v (x~ k S) are semisimplc T-modules; since t^ l(8) / l{8) is a 

semisimple T-module, so is v (t^r k £%L(S)/£$L(8)). Hence, taking T-invariants of each term in (5.3), we 
obtain the desired exact sequence. □ 

Proposition 5.25. Lei 5 be in J? ari (L), k G Z + . J/ ^ {1, • ■ ■ , k}, then ifc jan and Lk are isomorphisms. 

Proof. We only prove the assertion for tfc jan . The proof of the assertion for is similar. By Theo- 
rem 5.19, dimi,-ff all (<5) = dim^ Hl n (x~ h 8) when ws f {1, • • ■ ,k}. Combining (5.2) with the facts that 
H° n (t^- k '&l(8)/@l(8)) = and that dim L i? an (<S) = dim L Hl n (x~ k S), we obtain the assertion. □ 

We assign to any nonzero c G H^ n (8) an Jzf-invariant in P x (i) = L U {00}. In the case of (5 = with 
G N, put «if {{atjr, btjr j) = a/b. If 5 = xS unl , then any c G ^ n (<5) can be written as 

c = t^dq-^q - 1)(AG(1, 1) + M(log U ^ - z)),trd(\G(l, 1) + //(logu.F - z))) 

with A,/i £ i. Here G(l, 1) is an element of Ml which induces a basis of [MlI 'Mi,tj^) T and whose value at £ n 
isl(g)lGL®F-Fra when n is large enough; z is an element of 2$l whose value at £ ra is 1 ® log(£„) G L <E)f F n 
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for any n. Wc put Jz?(c) = -SEilJl . A i n the case of 5 = x k S um with k > 2, for any c G Hl n (x k S unl ) , put 
Jz?(c) = Jz? (ife-i (c)). In the case that 5 is not of the form x~ k with fc G N or the form x k 8 unr with G Z + , we 
put Jzf (c) = oo. 

Proposition 5.26. Lei 5 be in J^ an (L), A; G Z+. 

(a) // £ {1, • • • , k} and if 5 ^ x ws , x^^um-, i/ien ife jan and are zero. 

(b) If5 = x ws S unr with 1 < w$ < k, then tfc ;an and bk are surjective, and the kernel of tfc, an is the l-dimensional 
subspace {c 6 _ff an (<5) : c = or Jz?(c) = oo}. 

(c) If 5 = x ws with 1 < w$ < k, then Lk,nn and ik are injective, and the image of Lk,nn is {c G H^ n (x~ k 8) : c = 
or^f(c) = oo}. 

Proof. We will use the exact sequence (5.2) frequently without mentioning it. 

First wc prove (a). From the fact that dim L H° n (t~ k M L (5)/M L (5)) = dim L H^S) = 1 and H° n {x- k S) = 0, 
we obtain the assertion for Lk,&n- The assertion for follows from this and the commutative diagram (5.1) where 
the two vertical maps are isomorphisms. 

Next we prove (b). From the fact that 

H° n (x- k S) = 0, dim L H° n (t^ k M L (S)/M L (S)) = 1, dim L H^(6) = 2 and dim L H^x^S) = 1, 
we obtain the surjectivity of t-k,an- 

The surjectivity of ik follows from this and the commutative diagram (5.1) 
where the two vertical maps are isomorphisms. We show that, if c G Hl n (S) satisfies Jzf (c) = oo, then i/£, an (c) = 0. 
As Jz? (tajj-i^fc)) = oo and t fc . an = ik+i-w e ,an^w s -l.anj we reduce to the case of 5 = xS unr . In this case, 
c = tr 1 \{(q- 1 <p g - 1)G(1, 1), VG(1, 1)) with A G L. Thus ti,„(c) = A((<rV« - 1)G(1. 1), VG(1, 1)) ~ (0, 0). 
Hence tfe,an(c) = for any integer k > 1. 

Finally we prove (c). From the fact that 

H° an (5) = and dim L H Q an ( X - k 6) = dim L &Jfe k Sl L (S)/& L {8)) = 1, 

we obtain the injectivity of Lk.&n- 

The injectivity of follows from this and the commutative diagram (5.1) 
where the vertical map Tf n o is an isomorphism. For the second assertion, let (m,n) be in Z 1 (x ws ). 
Then ^_i(m,n) = (i^m, i™ 5_1 n) G Z 1 ^). In other words, d(t™ s m) = V x (i™ 5_1 m) = (tt^, - l)^" 1 ™). 
Thus Res(i]£ 4_ n) = and there exists z G such that dz = tf£ s ~ n or cquivalently Vz = i^ 5 n. It 
follows that \7 x ^, s - k (t k - ws z) = (V + (iu 4 - k))(t k jT u ' 5 z) = t%~ We Vz = t k T n. Thus t fe>an (m,n) = (i£m,*£n) - 
(t*-m - {-K Ws ~ k ip q - l)(^~ !i,i z),0y So we have L k ,a.n( m > n ) = {at h j r ws 7 0). If t fe>an (m,n) ^ or equivalently 
a ^ 0, then -§f (tfc ian (m, n)) = oo. □ 

6 Triangulable r)-modules of rank 2 

In his paper [9], Colmez classified 2-dimensional triangulinc representations of the Galois group Gq . Later 
Nakamura [22] classified 2-dimensional trianguline representations of the Galois group of a p-adic local field that 
is finite over Q p , generalizing Colmcz's work. 

In this section we classify triangulable 0p-analytic (ip q , r)-modules of rank 2 following Colmez's method 
[9]. First we recall the definition. 

Definition 6.1. A (<p q , r)-module over Ml is called triangulable if there exists a filtration of D consisting of 
(ip q , r)-submodulcs = D G D\ C ■ • • C = D such that Di/Di_x is free of rank 1 over Ml- 

Note that, if D is O^-analytic, then so is D i /D i _ 1 for any i. 

If 5 U 6 2 £ then E^t{M L {5 2 ),M L {5 1 )) is isomorphic to Ext(^ L , ^l(£iO)> or ij^ftf The 

isomorphism only depends on the choices of e^, e<5 2 and e^-i. Thus it is unique up to a nonzero multiple and 
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induces an isomorphism from Proj(Ext(^i(52),^i((5i))) to Proj(if 1 (5i<5 2 1 )) independent of the choices of e^, 
es 2 and e SiS -i. Similarly there is a natural isomorphism from Proj(Ext an (^i((52), £%l(6i))) to Pvo^H^SiS^ 1 )). 
Hence the set of triangulable (resp. triangulable and O^-analytic) (ip q , r)-modulcs D of rank 2 satisfying the 
following two properties is classified by Proj(iJ 1 (5i(5 2 ~ 1 )) (resp. Pro^H^SiS^ 1 ))): 

• Ml(6\) is a saturated (ip q , r)-submodule of D and £$1,(62) is the quotient module, 

• D is not isomorphic to £?l(6i) ® £$1,(62). 

Let y &n = y an (L) be the analytic variety obtained by blowing up (6x,6 2 ) 6 ^ an (£) X -^an(i) along the 
subvarieties SiS^ 1 = x' t 5 nnr for i G Z + and the subvarieties 6\6~^ x = x ~ % f° r * G The fiber over the point 
(61,62) is isomorphic to Proj(i/an(^i^2 _1 ))- Similarly let y = y(L) be the analytic variety over ^ an (L) x 
^an(i) whose fiber over (61,62) is isomorphic to Proj(iJ 1 (<5i<5 2 ~ 1 )). The inclusions Ext an (^L(5i), £$1,(62)) 
Ext(£$],(6i), £$1,(62)) for 61,62 G =An(£) induce a natural injective map ,Y an <-t y. We write points of .Y 
(resp. y an ) in the form (6i,6 2 ,c) with c G Proi(H 1 (6 1 6^ 1 )) (resp. c £ Proj(i/ a 1 n (^ ( 5 2 " 1 ))). If (8i,8 2 , c) G ^ is 
in the image of ^ a n, for our convenience we use c an to denote the element in Proj(i? an (<5i5 2 ~ 1 )) corresponding 
to c. For (<5i,<$2,c) S ^ an , since the Jzf-invariant induces an inclusion Proj(i7^ n (<5i5^" 1 )) P 1 (i), we also use 
(£1, 52,-2'(c)) to denote (61,62,0). 

If s G y, we assign to s the invariant w(s) 6 I by w(s) = tu^ — w$ 2 . Let J?+ be the subset of y consisting 
of elements sey with 

vA$i(k)) + = 0, w w (* x (7r)) > 0. 

If s G y+, we assign to s the invariant u(s) G Q+ by 

u(s) = v w (6i(tv)) = -v 7T (6 2 (tt)). 

Put y Q = {s G y+ I m(s) = 0} and y t = {s G y+ u(s) > 0}. Then y + is the disjoint union 
of y and J?*. For ? G {+,0,*} we put y? n = y an n J?" 7 . We decompose the set J^f n as J^f n = 

J^" g T] J^f' is u U ^T' d LI ^." cl , where 

w(s) is not an integer > 1}, 
w(s) is an integer > l,u(s) < w(s),y = 00}, 
w(s) is an integer > l,u(s) < w(s),y ^ 00} 
w(s) is an integer > l,u(s) = w(s)}, 
w(s) is an integer > l,u(s) > w(s)}. 

Note that J^ ord and J^ ncl are empty. 

Let D be an extension of £$1,(62) by 3%i,(6\). For any k G N, the preimage of ^£$1,(62) is a (<p g ,r)- 
submodulc of Z?, which is denoted by D 1 . Then £)' is an extension of £$1,(^62) by £$l(6i). If -D is C^-analytic, 
then so is D'. 

Lemma 6.2. (a) The class of D' in iJ 1 ((5i5 2 ~ 1 x _ ' c ) coincides with tfc(c) mj? £0 a nonzero multiple, where c is 
the class of D in H 1 (6i6 2 ~ 1 )- 

(b) If D is Of -analytic, the class of D' in Hl n (6i5 2 ~ 1 x~ k ) coincides with ik,an(c) up to a nonzero multiple, 
where c is the class of D in H^ n (8i6 2 )■ 

Proof. We only prove (b). The proof of (a) is similar. Let e be a basis of £$1,(62) such that ip g (e) = 62(ir)e 
and o~ a e = <52(a)e. Let e be a lifting of e in D. The class of D, or the same, c, coincides with the class of 

^(<!>2(7r)~ 1( ^g — l)e, (V — wa 2 )e^ up to a nonzero multiple. Similarly, up to a nonzero multiple, the class of D' 
coincides with the class of 

((v-H2(Kr\ q -l)(tye),(V -ws 2 ~k)(tye)) = (4(<5 2 (7r)-V 9 -l)e,4(V-^ 2 )e) 

which is exactly (.fc, an (c). □ 
Proposition 6.3. Put D = D(s) with s = (61,62,0) G 5? . Then the following two conditions are equivalent: 
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(a) D(s) has a (ip q ,T)-submodule M of rank 1 such that M CiMlISi) = 0; 

(b) s is in ,y an and satisfies w(s) G Z + , 5iS 2 ^= x w ( s ' and Jzf (c an ) = oo. 

Among all such M there exists a unique one, M sat , that is saturated; M sat is isomorphic to S^l(x w{ - s ^S2). For 
any M that satisfies Condition (a), there exists some i € N such that M = iyM sat . 

Proof. Assume that D(s) satisfies Condition (a). Since the intersection of M and &l{5i) is zero, the image 
of M in Ml{o~2) is a nonzero (<p q , r)-submodule of Ml{S 2 ), and so must be of the form tjr&L(8 2 ) with k G N. 
Since D(s) does not split, we have k > 1. The preimage of ijr^L^) in D is exactly M (B &l{Si). Since 
M ®&l{o~i) splits, by Lemma 6.2 we have tfe(c) = 0. By Proposition 5.26 this happens only if w(s) G {1, • • • , k} 
and SiS^ 1 x u '( s \ Note that, when w(s) G {1, • • ■ , k} and SiS^ 1 ^ x w ( s \ D(s) is automatically Oi?-analytic. 
Again by Proposition 5.26 we obtain (c an ) = 00. This proves (a)<S=>(b). 

If (a) holds, then the preimage of ' ] £%l{S 2 ) splits as ^l(S\)®Mq, where M is isomorphic to &l(x w ^ S 2 ). 
We show that M is saturated. Note that M is not included in tjrD(s). Otherwise, the preimage of 
£«j(s)-i 6% L (ja^ w iH split, which contradicts Proposition 5.26. Let e\ (resp. e 2 , e) be a basis of &l(5i) (resp. 
&l{$2), Mo) such that Lei (resp. Le 2 , Le) is stable under ip q and T. Let e 2 be a lifting of e 2 . Write e = ae\-\-be 2 - 
Then a ^ tp&L and b G t^- ] Observe that the ideal / generated by a and t 1 ^^ satisfies (p q (I) = I and 
7(J) = / for all 7 G P. Thus by Lemma 1.1, / = Ml. It follows that Mq is saturated. If M is another 
(v? 9 ,r)-submodule of D(s) such that M nM L (Si) = 0, then the image of M in M L {S 2 ) is t k j-M L {S 2 ) for some 
integer k > w(s). Then M G M L {8{) @ Mq. Since o\ ^ o~ 2 2:™ (s) , @l(8i) has no nonzero (y> 9 , r)-submodule 
isomorphic to M L (x k 5 2 ). It follows that M C M and thus A/ = t k f w{s) M . □ 

Corollary 6.4. Lei s = (<5i,<5 2 ,c) oe in 5?. If s is in ^ an and satisfies w(s) G Z+, tfi&f 7^ x™"^' and 
-^(can) = OO; £/ien -D(s) /ias exactly two saturated (tp q ,T)-submodules of D(s) of rank 1, one feeing 8%l{S\) and 
the other isomorphic to Ml(x w ^52). Otherwise, D(s) has exactly one saturated (tp q ,T)-submodule of rank 1 
which is Ml(S\). 

Corollary 6.5. Let s = (<5i,<5 2 ,c) and s' = (S[,S' 2 ,c') be in ,5^(L). 

(a) If 81 = 8[, then D(s) = D(s') if and only if s = s'. 

(b) If Si ^ S[, then D(s) = D(s') if and only if s and s' are in ,y an and satisfy w(s) G Z + , 5[ = x w ^5 2 , 
5' 2 = x- w ^S 1 and ^(c an ) = JSf«J = 00. 

Proof. Assertion (a) is clear. We prove (b). Since D(s) = D(s'), there exists a (ip q , r)-submodule M of D(s) 
such that M = Ml(S[) and D{s)/M = Ml{S 2 ). Since both Ml{S\) and M are saturated (ip q , r)-submodules of 
D, M L (Si) n M = 0. By Proposition 6.3 we have w(s) G Z+, S^ 1 ^ x w< - s \ ^f(c an ) = 00 and 5[ = x w ^8 2 . 
Similarly, Si = x 10 ^'^. As Sx5 2 = S'^, we have w(s) = w(s'). □ 

Proposition 6.6. Let s = (Si, S 2 , c) be in 5? . Then D(s) is of slope zero if and only if s G — J?^ 01 ; D(s) is of 
slope zero and the Galois representation attached to D(s) is irreducible if and only if s is in ^ — (J^° rd U^ ncl ); 
D(s) is of slope zero and Op-analytic if and only if s G — J?^" cl . 

Proof. By Kedlaya's slope filtration theorem, D(s) is of slope zero if and only if v 7V (Si(tt)5 2 (tt)) = and D(s) has 
no (<f q , r)-submodule of rank 1 that is of slope < 0. In particular, if D(s) is of slope zero, then ^(^1(71)) > and 
thus s G Hence we only need to consider the case of s G Assume that D(s) has a (ip q , r)-submodule of 
rank 1, say M, that is of slope < 0. Then the intersection of M and &l{Si) is zero. By Proposition 6.3 we may 
suppose that M is saturated. By Corollary 6.4, this happens if and only if s is in S^ an and satisfies w(s) G Z + , 
SiS^ 1 ^ x w( - s \ Jtf(c an ) = 00 and w(s) < u(s). Note that SiS 2 l ^ x™^ and ^f(c an ) = 00 automatically hold 
when < w(s) < u(s). The first assertion follows. Similarly, D(s) has a saturated ((p q , r)-submodule of rank 1 
that is of slope zero, if and only if u(s) = or u(s) = w(s). By Proposition 1.5 (c) and Remark 1.8, we know 
that the Galois representation attached to an etale (ip q , r)-modulc D over Sij, of rank 2 is irreducible if and 
only if D has no etale (<p q , r)-submodulc of rank 1. This shows the second assertion. The third assertion follows 
from the first one. □ 
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Proof of Theorem 0.5. Assertion (a) follows from Proposition 6.6, and (b) follows from Corollary 6.5. □ 

Remark 6.7. Let s ^ s' be as in Theorem 0.5 (b). Then s G 5?f ls if and only if s' G yf is ; s G y° ld if and 
only if s' G J^ cris . 

Remark 6.8. By an argument similar to that in [9] one can show that, if s is in (resp. y? ld , =5*+*), then 

D(s) comes from a crystalline (resp. ordinary, semistable but non-crystalline) L-representation twisted by a 
character. 
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